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Introduction

The probabilistic theory of coalescence, which is the primary subject of
these notes, has expanded at a quick pace over the last decade or so. I can
think of three factors which have essentially contributed to this growth.
On the one hand, there has been a rising demand from population ge-
neticists to develop and analyse models which incorporate more realistic
features than what Kingman’s coalescent allows for. Simultaneously, the
fleld has matured enough that a wide range of techniques from modern
probability theory may be successfully applied to these questions. These
tools include for instance martingale methods, renormalization and ran-
dom walk arguments, combinatorial embeddings, sample path analysis of
Brownian motion and L¶evy processes, and, last but not least, continuum
random trees and measure-valued processes. Finally, coalescent processes
arise in a natural way from spin glass models of statistical physics. The
identiflcation of the Bolthausen-Sznitman coalescent as a universal scaling
limit in those models, and the connection made by Brunet and Derrida to
models of population genetics, is a very exciting recent development.

The purpose of these notes is to give a quick introduction to the math-
ematical aspects of these various ideas, and to the biological motivations
underlying them. We have tried to make these notes as self-contained as
possible, but within the limits imposed by the desire to make them short
and keep them accessible. Of course, the price to pay for this is a lack of
mathematical rigour. Often we skip the technical parts of arguments, and
instead focus on some of the key ideas that go into the proof. The level
of mathematical preparation required to read these notes is roughly that
of two courses in probability theory. Thus we will assume that the reader
is familiar with such notions as Poisson point processes and Brownian
motion.

Sadly, several important and beautiful topics are not discussed. The
most obvious such topics are the Marcus-Lushnikov processes and their
relation to the Smoluchowski equations, as well as works on simultaneous
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multiple collisions. Also not appearing in these notes is the large body
of work on random fragmentation. For all these and further omissions, I
apologise in advance.

A flrst draft of these notes was prepared for a set of lectures at IMPA
in January 2009. Many thanks to Vladas Sidoravicius and Maria Eulalia
Vares for their invitation, and to Vladas in particular for arranging many
details of the trip. I lectured again on this material at Eurandom on the
occasion of the conference Young European Probabilists in March 2009.
Thanks to Julien Berestycki and Peter Mõrters for organizing this meeting
and for their invitation. I also want to thank Charline Smadi-Lasserre for
a careful reading of an early draft of these notes.

Many thanks to the people with whom I learnt about coalescent pro-
cesses: flrst and foremost, my brother Julien, and to my other collabora-
tors on this topic: Alison Etheridge, Vlada Limic, and Jason Schweinsberg.
Thanks are due to Rick Durrett and Jean-Fran»cois Le Gall for triggering
my interest in this area while I was their PhD students.

N.B.
Cambridge, September 2009



Chapter 1

Random exchangeable

partitions

This chapter introduces the reader to the theory of exchangeable random
partitions, which is a basic building block of coalescent theory. This the-
ory is essentially due to Kingman; the basic result (essentially a variation
on De Finetti’s theorem) allows one to think of a random partition al-
ternatively as a discrete object, taking values in the set P of partitions
of N = f1; 2; : : : ; g, or a continuous object, taking values in the set S0 of
tilings of the unit interval (0,1). These two points of view are strictly equiv-
alent, which contributes to make the theory quite elegant: sometimes, a
property is better expressed on a random partition viewed as a partition of
N, and sometimes it is better viewed as a property of partitions of the unit
interval. We then take a look at a classical example of random partitions
known as the Poisson-Dirichlet family, which, as we partly show, arises in
a huge variety of contexts. We then present some recent results that can
be labelled as \Tauberian theory", which takes a particularly elegant form
here.

1.1 Deflnitions and basic results

We flrst flx some vocabulary and notation. A partition … of N is an equiva-
lence relation on N. The blocks of the partition are the equivalence classes
of this relation. We will sometime write i » j or i »… j to denote that i
and j are in the same block of …. Unless otherwise specifled, the blocks
of … will be listed in the increasing order of their least elements: thus,
B1 is the block containing 1, B2 is the block containing the smallest el-
ement not in B1, and so on. The space of partitions of N is denoted by
P. There is a natural distance on the space P, which is to take d(…; …0)
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10 Chapter 1. Random exchangeable partitions

to be equal to 1 over the largest n such that the restriction of … and …0 to
f1; : : : ; ng are identical. Equipped with this distance, P is a Polish space.
This is useful when speaking about random partitions, so that we can talk
about convergence in distribution, conditional distribution, etc. We also
let [n] = f1; : : : ; ng and Pn be the space of partitions of [n].

Given a partition … = (B1; B2; : : :) and a block B of that partition, we
denote by jBj, the quantity, if it exists:

jBj := lim
n!1

Card(B \ [n])

n
: (1.1)

jBj is called the asymptotic frequency of the block B, and is a measure of
its relative size; for this reason we will often refer to it as its mass. For
instance, if … is the partition of N into odd and even integers, there are two
blocks, each with mass 1=2. The following deflnition is key to what follows.
If ¾ is a permutation of N with flnite support (i.e., it actually permutes
only flnitely may points), and ƒ is a partition, then one can deflne a new
partition ƒ¾ by exchanging the labels of integers according to ¾. That is,
i; j are in the same block of ƒ, if and only if ¾(i) and ¾(j) are in the same
block of ƒ¾.

Deflnition 1.1. An exchangeable random partition ƒ is a random element
of P whose law is invariant under the action of any permutation ¾ of N

with flnite support: that is, ƒ and ƒ¾ have the same distribution for all ¾.

To put things into words, an exchangeable random partition is a par-
tition which ignores the label of a particular integer. This suggests that
exchangeable random partitions are only relevant when working under
mean-fleld assumptions. However, this is slightly misleading. For instance,
if one looks at the random partition obtained by flrst enumerating all ver-
tices of Z

d (v1; v2; ; : : :) in some arbitrary order, and then say that i and
j are in the same block of ƒ(!) if and only if vi and vj are in the same
connected component in a realisation ! of bond percolation on Z

d with
parameter 0 < p < 1, then the resulting random partition is not exchange-
able. On the other hand, if (V1; V2; : : :) are independent random vertices
chosen according to some given distribution on Z

d, then the random par-
tition deflned by putting i and j in the same block if Vi and Vj are in
the same connected component, is exchangeable. Indeed, in these notes
we will later see several examples where random partitions arise from a
nontrivial spatial structure.

Kingman’s theorem, which is the main result of this section, starts with
the observation that given a tiling of the unit interval, there is always a
neat way to generate an exchangeable random partition associated with
this tiling. To be formal, let S0 be the space of tilings of the unit interval
(0; 1), that is, sequences s = (s0; s1; : : :) with s1 ‚ s2 ‚ : : : ‚ 0 and
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Figure 1.1: The paintbox process associates a random partition ƒ to any
tiling of the unit interval. Here ƒj[8] = (f1; 4g; f2g; f3; 7g; f5g; f6g; f8g).
Note how 2 and 6 form singletons.

P1
i=0 si = 1 (note that we do not require s0 ‚ s1):

S0 =
(

s = (s0; s1; : : :) : s1 ‚ s2 ‚ : : : ;
1X

i=0

si = 1

)

:

The coordinate s0 plays a special role in this sequence and this is why
monotonicity is only required starting at i = 1 in this deflnition. An
element of S0 may be viewed as a tiling of (0,1), where the sizes of the
tiles are precisely equal to s0; s1; : : : the ordering of the tiles is irrelevant
for now, but for the sake of simplicity we will order them from left to
right: the flrst tile is J0 = (0; s0), the second is J1 = (s0; s0+ s1), etc. Let
s 2 S0, and let U1; U2; : : : be i.i.d. uniform random variables on (0; 1). For
0 < u < 1 let I(u) 2 f0; 1; : : :g denote the index of the component (tile) of
s which contains u. That is,

I(u) = inf

(

n :

nX

i=0

si > u

)

:

Let ƒ be the random partition deflned by saying i » j if and only if
I(Ui) = I(Uj) > 0 or i = j (see Figure 1.1). Note that in this construction,
if Ui falls into the 0th part of s, then i is guaranteed to form a singleton in
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the partition ƒ. On the other hand, if I(Ui) ‚ 1, then almost surely, the
block containing i has inflnitely many members, and in fact, by the law
of large numbers, the frequency of this block is well deflned and strictly
positive. For this reason, the part s0 of s is referred to as the dust of s.
We will say that ƒ has no dust if s0 = 0, i.e., if ƒ has no singleton.

The partition ƒ described by the above construction gives us an ex-
changeable partition, as the law of (U1; : : : ; Un) is the same as that of
(U¾(1); : : : ; U¾(n)) for each n ‚ 1 and for each permutation ¾ with support
in [n].

Deflnition 1.2. ƒ is the paintbox partition derived from s.

The name paintbox refers to the fact that each part of s deflnes a colour,
and we paint i with the colour in which Ui falls. If Ui falls in s0, then we
paint i with a unique, new, colour. The partition ƒ is then obtained from
identifying integers with the same colour.

Note that this construction still gives an exchangeable random partition
if s is a random element of S0, provided that the sequence Ui is chosen
independently from s. Kingman’s theorem states that this is the most
general form of exchangeable random partition. For s 2 S0, let ‰s denote
the law on P of a paintbox partition derived from s.

Theorem 1.1. (Kingman [107]) Let ƒ be any exchangeable random par-
tition. Then there exists a probability distribution „(ds) on S0 such that

P(ƒ 2 ¢) =
Z

s2S0
„(ds)‰s(¢):

Sketch of proof. We brie°y sketch Aldous’ proof of this result [2], which
relies on De Finetti’s theorem on exchangeable sequences of random vari-
ables. This theorem states the following: if (X1; : : :) is an inflnite ex-
changeable sequence of real-valued random variables (i.e., its law is invari-
ant under the permutation of flnitely many indices), then there exists a
random probability measure „ such that, conditionally given „, the Xi’s
are i.i.d. with law „. Now, let ƒ be an exchangeable partition. Deflne
a random map ’ : N ! N as follows: if i 2 N, then ’(i) is the smallest
integer in the same block as i. Thus the blocks of the partition ƒ may
be regarded as the sets of points which share a common value under the
map ’. In parallel, take an independent sequence of i.i.d. uniform ran-
dom variables (U1; : : :) on [0; 1], and deflne Xi = U’(i). It is immediate
that (X1; : : :) are exchangeable, and so De Finetti’s theorem applies. Thus
there exists „ such that, conditionally given „, (X1; : : :) is i.i.d. with law
„. Note that i and j are in the same block of ƒ if and only if Xi = Xj .
We now work conditionally given „. Note that (X1; : : :) has the same law
as (q(V1); : : :), where (V1; : : :) are i.i.d. uniform on [0; 1], and for x 2 R,
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q(x) = inffy 2 R : F (y) > xg and F (x) denotes the cumulative distri-
bution function of „. Thus we deduce that ƒ has the same law as the
paintbox ‰s(¢), where s = (s0; s1; : : :) 2 S0 is such that (s1; : : :) gives the
ordered list of atoms of „ and s0 = 1¡P1i=1 si.

We note that Kingman’s original proof relies on a martingale argument,
which is in line with the modern proofs of De Finetti’s theorem (see, e.g.,
Durrett [65], (6.6) in Chapter 4). The interested reader is referred to [2]
and [133], both of which contain a wealth of information about the subject.

This theorem has several interesting and immediate consequences: if ƒ
is any exchangeable random partition, then the only flnite blocks of ƒ are
the singletons, almost surely. Indeed if a block is not a singleton, then
it is inflnite and has in fact positive, well-deflned asymptotic frequency
(or mass), by the law of large numbers. The (random) vector s 2 S0
can be entirely recovered from ƒ: if ƒ has any singleton at all, then a
positive proportion of integers are singletons, that proportion is equal to
s0. Moreover, (s1; : : :) is the ordered sequence of nondecreasing block
masses. In particular, if ƒ = (B1; : : : ; ) then

jB1j+ jB2j+ : : : = 1¡ s0; a:s:

There is thus a complete correspondence between the random exchange-
able partition ƒ and the sequence s 2 S0:

ƒ 2 P !̂ s 2 S0:

Corollary 1.1. This correspondence is a 1-1 map between the law of ex-
changeable random partitions ƒ and distributions „ on S0. This map is
Kingman’s correspondence.

Furthermore, this correspondence is continuous when S0 is equipped
with the appropriate topology: this is the topology associated with point-
wise convergence of the \non-dust" entries: that is, s" ! s as "! 0 if and
only if, s"1 ! s1; : : : ; s

"
k ! sk, for all k ‚ 1 (but not necessarily for k = 0).

Theorem 1.2. Convergence in distribution of the random partitions
(ƒ")">0, is equivalent to the convergence in distributions of their ranked
frequencies (s"1; s

"
2; : : :)">0:

The proof is easy and can be found for instance in Pitman [133], Theorem
2.3. It is easy to see that the correspondence can not be continuous with
respect to the restriction of the ‘1 metric to S0 (think about a state with
many blocks of small but positive frequencies and no dust: this is \close"
to the pure dust state from the point of view of pointwise convergence, and
hence from the point of view of sampling, but not at all from the point of
view of the ‘1 metric).
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1.2 Size-biased picking

1.2.1 Single pick

When given an exchangeable random partition ƒ, it is natural to ask what
is the mass of a \typical" block. If ƒ has only a flnite number of blocks,
one can choose a block uniformly at random among all blocks present.
But when there is an inflnite number of blocks, it is not possible to do
so. In that case, one may instead consider the block containing a given
integer, say 1. The partition being exchangeable, this block may indeed be
thought of being a generic or typical block, and the advantage is that this
is possible both when there are flnitely or inflnitely many blocks. Its mass
is then (slightly) larger than that of a typical block. When there are only
a flnite number of blocks, this is expressed as follows. Let X be the mass
of the block containing 1, and let Y be the mass of a randomly chosen
block of the random exchangeable partition ƒ. Then the reader can easily
verify that

P(X 2 dx) = x

E(Y )
P(Y 2 dx); x > 0: (1.2)

If a pair of random variables (X;Y ) satisfles the relation (1.2) we say that
X has the size-biased distribution of Y . For this reason, here we say that
X is the mass of a size-biased picked block.

In terms of the Kingman’s correspondence, X has a natural interpreta-
tion when there is no dust. In that case, if ƒ is viewed as a random unit
partition s 2 S0, then X is also the length of the segment containing a
point uniformly chosen at random on the unit interval.

Not surprisingly, many of the properties of ƒ can be read from the
sole distribution of X. (Needless to say though, the law of X does not
characterize fully that of ƒ).

Theorem 1.3. Let ƒ be a random exchangeable partition with ranked
frequencies (Pi)i‚1. Assume that there is no dust almost surely, and let f
be any nonnegative function. Then:

E

ˆ
X

i

f(Pi)

!

=

Z 1

0

f(x)

x
„(dx) (1.3)

where „ is the law of the mass of a size-biased picked block X.

Proof. The proof follows from looking at the function g(x) = f(x)=x, and
observing that E(g(X)) = E(

P

i Pig(Pi)), which itself is a consequence of
Kingman’s correspondence, since the Pi are simply equal to the coordi-
nates (s1; : : :) of the sequence s 2 S0, and U1 falls in each of them with
probability si.
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Thus, from this it follows that the nth moment of X is related to the
sum of the (n+ 1)th moments of all frequencies:

E

ˆ
X

i

Pn+1i

!

= E(Xn): (1.4)

In particular, for n = 1 we have:

E(X) = E

ˆ
X

i

P 2i

!

:

This identity is obvious when one realises that both sides of this equation
can be interpreted as the probability that two randomly chosen points fall
in the same component. This of course also applies to (1.4), which is the
probability that n+1 randomly chosen points are in the same component.
The following identity is a useful application of Theorem 1.3:

Theorem 1.4. Let ƒ be a random exchangeable partition, and let N be
the number of blocks of ƒ. Then we have the formula:

E(N) = E(1=X):

To explain the result, note that if we see that the block containing 1
has frequency " > 0 small, then we can expect roughly 1=" blocks in total
(since that would be the answer if all blocks had frequency exactly ").

Proof. To see this, note that the result is obvious if ƒ has some dust with
positive probability, as both sides are then inflnite. So assume that ƒ has
no dust almost surely, and let Nn be the number of blocks of ƒ restricted
to [n]. Then by Theorem 1.3:

E(Nn) =
X

i

P(part i is chosen among the flrst n picks)

=
X

i

E (1¡ (1¡ Pi)n)

= E(fn(X));

say, where

fn(x) =
1¡ (1¡ x)n

x
:

Letting n ! 1, since X > 0 almost surely because there is no dust,
fn(X) ! 1=X almost surely. This convergence is also monotone, so we
conclude

E(N) = E(1=X)

as required.
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Theorem 1.4 will often guide our intuition when studying the small-time
behaviour of coalescent processes that come down from inflnity (rigorous
deflnitions will be given shortly). Basically, this is the study of the coa-
lescent processes close to the time at which they experience a \big-bang"
event, going from a state of pure dust to a state made of flnitely many
solid blocks (i.e., with positive mass). Close to this time, we have a very
large number of small blocks. Any information on N can then be hoped
to carry onto X, and conversely.

1.2.2 Multiple picks, size-biased ordering

Let X = X1 denote the mass of a size-biased picked block. One can then
deflne further statistics which reflne our description of ƒ. Recall that if
ƒ = (B1; B2; : : :) with blocks ordered according to their least elements,
then X1 = jB1j is by deflnition the mass of a size-biased picked block.
Deflne similarly, X2 = jB2j; : : : ; Xn = jBnj, and so on. Then (X1; : : :)
corresponds to sampling without replacement the possible blocks of ƒ,
with a size bias at every step.

Note that if ƒ has no dust, then (X1; : : : ; ) is just a reordering of the
sequence (s1; : : : ; ) where s denotes the ranked frequencies of ƒ, or equiva-
lently the image of ƒ by Kingman’s correspondence. That is, there exists
a permutation ¾ : N! N such that

Xi = s¾(i); i ‚ 1:

This permutation is the size-biased ordering of s. It satisfles:

P(¾(1) = jjs) = sj

Moreover, given s, and given ¾(1); : : : ; ¾(i¡ 1), we have:

P(¾(i) = jjs; ¾(1); : : : ; ¾(i¡ 1)) =
sj

1¡ s¾(1) ¡ : : :¡ s¾(i¡1)
:

Although slightly more complicated, the size-biased ordering of s, (X1; : : :),
is often more natural than the nondecreasing rearrangement which defl-
nes s.

As an exercise, the reader is invited to verify that Theorem 1.4 can be
generalised to this setup to yield: if N is the number of ordered k-uplets
of distinct blocks in the random exchangeable partition ƒ, then

E(N) = E

µ
1

X1 : : : Xk

¶

: (1.5)

This is potentially useful to establish limit theorems for the distribution
of the number of blocks in a coalescent, but this possibility has not been
explored to this date.
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1.3 The Poisson-Dirichlet random partition

We are now going to spend some time to describe a particular family of
random partitions called the Poisson-Dirichlet partitions. These partitions
are ubiquitous in this fleld, playing the role of the normal random vari-
able in standard probability theory. Hence they arise in a huge variety of
contexts: not only coalescence and population genetics (which is our main
reason to talk about them in these notes), but also random permutations,
number theory [62], Brownian motion [133], spin glass models [40], ran-
dom surfaces [86]... In its most general incarnation, this is a two parameter
family of random partitions, and the parameters are usually denoted by
(fi; µ). However, the most interesting cases occur when either fi = 0 or
µ = 0, and so to keep these notes as simple as possible we will restrict our
presentation to those two cases.

1.3.1 Case fi = 0

We start with the case fi = 0; µ > 0. We recall that a random variable X
has the Beta(a; b) distribution (where a; b > 0) if the density at x is:

P(X 2 dx)
dx

=
¡(a+ b)

¡(a)¡(b)
xa¡1(1¡ x)b¡1; 0 < x < 1: (1.6)

Thus the Beta(1; µ) distribution (µ > 0) is the distribution on (0; 1) with
density µ(1¡ x)µ¡1 and this is uniform if µ = 1. If a; b 2 N the Beta(a; b)
distribution has the following interpretation: take a+ b independent stan-
dard exponential random variables, and consider the ratio of the sum of
the flrst a of them compared to the total sum. Alternatively, drop a + b
random points in the unit interval and order them increasingly. Then the
position of the ath point is a Beta(a; b) random variable.

Deflnition 1.3. (Stick-breaking construction, fi = 0 ) The Poisson-
Dirichlet random partition is the paintbox partition associated with the
nonincreasing reordering of the sequence

P1 =W1;

P2 = (1¡ P1)W2;

...

Pn+1 = (1¡ P1 ¡ : : :¡ Pn)Wn; (1.7)

where the Wi are i.i.d. random variables

Wi = Beta(1; µ):

We write ƒ » PD(0; µ).
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To explain the name of this construction, imagine we start with a stick
of unit length. Then we break the stick in two pieces, W1 and 1¡W1. One
of these two pieces (W1), we put aside and will never touch again. To the
other, we apply the previous construction repeatedly, each time breaking
ofi a piece which is Beta-distributed on the current length of the stick. In
particular, note that when µ = 1, the pieces are uniformly distributed.

While the above construction tells us what the asymptotic frequencies of
the blocks are, there is a much more visual and appealing way of describing
this partition, which goes by the name of \Chinese restaurant process".
Let ƒn be the partition of [n] deflned inductively as follows: initially, ƒ1
is the just the trivial partition ff1gg. Given ƒn, we build ƒn+1 as follows.
The restriction of ƒn+1 to [n] will be exactly ƒn, hence it su–ces to assign
a block to n + 1. With probability µ=(n + µ), n + 1 starts a new block.
Otherwise, n+1 is assigned to a block of sizem with probabilitym=(n+µ).
This can be summarized as follows:

(

start new block: with probability µ
n+µ

join block of size m: with probability m
n+µ

(1.8)

This deflnes a (consistent) family of partitions ƒn, hence there is no
problem in extending this deflnition to a random partition ƒ of P such
that ƒj[n] = ƒn for all n ‚ 1: indeed, if i; j ‚ 1, it su–ces to say whether
i » j or not, and in order to be able to decide this, it su–ces to check on
ƒn where n = max(i; j). This procedure thus uniquely specifles ƒ.

The name \Chinese Restaurant Process" comes from the following in-
terpretation in the case µ = 1: customers arrive one by one in an empty
restaurant which has round tables. Initially, customer 1 sits by himself.
When the (n + 1)th customer arrives, she chooses uniformly at random
between sitting at a new table or sitting directly to the right of a given in-
dividual. The partition structure obtained by identifying individuals sitted
at the same table is that of the Chinese Restaurant Process.

Theorem 1.5. The random partition ƒ obtained from the Chinese restau-
rant process (1.8) is a Poisson-Dirichlet random partition with parameters
(0; µ). In particular, ƒ is exchangeable. Moreover, the size-biased ordering
of the asymptotic block frequencies is the one given by the stick-breaking
order (1.7).

Proof. The proof is a simple (and quite beautiful) application of P¶olya’s
urn theorem. In P¶olya’s urn, we start with one red ball and a number µ of
black balls. At each step, we choose one of the balls uniformly at random
in the urn, and put it back in the urn along with one of the same colour.
Pµolya’s classical result says that the asymptotic proportion of red balls
converges to a Beta(1; µ) random variable. Note also that this urn model
may also be formally deflned even when µ is not an integer, and the result
stays true in this case.
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Now, coming back to the Chinese Restaurant process, consider the block
containing 1. Imagine that to each 1 • i • n is associated a ball in an
urn, and that this ball is red if i » 1, and black otherwise, say. Note that,
by construction, if at stage n, B1 contains r ‚ 1 integers, then as the new
integer n+1 is added to the partition, it joins B1 with probability r=(n+µ)
and does not with the complementary probability. Assigning the colour
red to B1 and black otherwise, this is the same as thinking that there are
r red balls in the urn, and n ¡ r + µ black balls, and that we pick one
of the balls at random and put it back along with one of the same colour
(whether or not this is to join one of the existing blocks or to create a new
one!) Initially (for n = 1), the urn contains 1 red ball and µ black balls.
Thus the proportion of red balls in the urn, Xn(1)=n, satisfles:

Xn(1)

n
¡!
n!1

W1; a:s:

where W1 is a Beta(1; µ) random variable. (This result is usually more
familiar in the case where µ = 1, in which case W1 is simply a uniform
random variable).

Now, observe that the stick breaking construction property is in fact
a consequence of the Chinese restaurant process construction (1.8). Let
i1 = 1 and let i2 be the flrst i such that i is not in the same block as
1. If we ignore the block B1 containing 1, and look at the next block
B2 (which contains i2), it is easy to see by the same P¶olya urn argument
that the asymptotic fraction of integers i 2 B2 among those that are not
in B1, is a random variable W2 with the Beta(1; µ) distribution. Hence
jB2j = (1 ¡ P1)W2. Arguing by induction as above, one obtains that
the blocks (B1; B2; : : :), listed in order of appearance, satisfy the strick
breaking construction (1.7).

It remains to show exchangeability of the partition, but this is a conse-
quence of the fact that, in P¶olya’s urn, given the limiting proportion W
of red balls, the urn can be realised as an i.i.d. coin-tossing with heads
probability W . It is easy to see from this observation that we get ex-
changeability.

As a consequence of this remarkable construction, there is an exact
expression for the probability distribution of ƒn. As it turns out, this
formula will be quite useful for us. It is known (for reasons that will
become clear in the next chapter) as Ewens’ sampling formula.

Theorem 1.6. Let … be any given partition of [n], whose block size are
n1; : : : ; nk.

P(ƒn = …) =
µk

(µ) : : : (µ + n¡ 1)

kY

i=1

(ni ¡ 1)!
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Proof. This formula is obvious by induction on n from the Chinese restau-
rant process construction. It could also be computed directly through
some tedious integral computations (\Beta-Gamma" algebra).

1.3.2 Case µ = 0

Let 0 < fi < 1 and let µ = 0.

Deflnition 1.4. (Stick-breaking construction, µ = 0) The Poisson-
Dirichlet random variable with parameters (fi; 0) is the random partition
obtained from the stick breaking construction, where at the ith step, the
piece to be cut ofi from the stick has distribution Wi » Beta(1 ¡ fi; ifi).
That is,

P1 =W1;

...

Pn+1 = (1¡ P1 ¡ : : :¡ Pn)Wn; (1.9)

There is also a \Chinese restaurant process" construction in this case.
The modiflcation is as follows. If ƒn has k blocks of size n1; : : : ; nk, ƒn+1
is obtained by performing the following operation on n+ 1:

(

start new block: with probability kfi
n

join block of size m: with probability m¡fi
n :

(1.10)

It can be shown, using urn techniques for instance, that this construction
yields the same partition as the paintbox partition associated with the
stick breaking process (1.9).

As a result of this construction, Ewens’ sampling formula can also be
generalised to this setting, and becomes:

P(ƒn = …) =
fik¡1(k ¡ 1)!

(n¡ 1)!

kY

i=1

(1¡ fi) : : : (ni ¡ fi) (1.11)

where … is any given partition of [n] into blocks of sizes n1; : : : ; nk.

1.3.3 A Poisson construction

At this stage, we have seen essentially two constructions of a Poisson-
Dirichlet random variable with µ = 0 and 0 < fi < 1. The flrst one is based
on the stick-breaking scheme, and the other on the Chinese Restaurant
Process. Here we discuss a third construction which will come in very
handy at several places in these notes, and which is based on a Poisson
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process. More precisely, let 0 < fi < 1 and let M denote the points of a
Poisson random measure on (0;1) with intensity „(dx) = x¡fi¡1dx:

M(dx) =
X

i‚1
–Yi(dx):

In the above, we assume that the Yi are ranked in decreasing order, i.e.,
Y1 is the largest point of M, Y2 the second largest, and so on. This is
possible because a.s. M has only a flnite number of points in (";1) (since
fi > 0). It also turns out that, almost surely,

1X

i=1

Yi <1: (1.12)

Indeed, observe that

E

ˆ 1X

i=1

Yi1fYi•1g

!

=

Z 1

0

x„(dx) <1

and so
P1
i=1 Yi1fYi•1g < 1 almost surely. Since there are only a flnite

number of terms outside of (0,1), this proves (1.12). We may now state
the theorem we have in mind:

Theorem 1.7. For all n ‚ 1, let Pn = Yn=
P1
i=1 Yi. Then the distri-

bution of (Pn; n ‚ 1) is that of a Poisson-Dirichlet random variable with
parameters fi and µ = 0.

The proof is somewhat technical (being based on explicit density cal-
culations) and we do not include it in these notes. However we refer the
reader to the paper of Perman, Pitman and Yor [130] where this result
is proved, and to section 4.1 of Pitman’s notes [133] which contains some
elements of the proof.

We also mention that there exists a similar construction in the case
fi = 0 and µ > 0. The corresponding intensity of the Poisson point process
M should then be chosen as ‰(dx) = µx¡1e¡xdx, which was Kingman’s
original deflnition of the Poisson-Dirichlet distribution [105]. See also sec-
tion 4.11 in [9] and Theorem 3.12 in [133], where the credit is given to
Ferguson [83] for this result.

1.4 Some examples

As an illustration of the usefulness of the Poisson-Dirichlet distribution, we
give two classical examples of situations in which they arise, which are on
the one hand, the cycle decomposition of random permutations, and on the
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other hand, the factorization into primes of a \random" large integer. A
great source of information for these two examples is [9, Chapter 1], where
much more is discussed. In the next chapter, we will focus (at length) in
another incarnation of this partition, which is that of population genetics
via Kingman’s coalescent. In Chapter 6 we will encounter yet another one,
which is within the physics of spin glasses.

1.4.1 Random permutations

Let Sn be the set of permutations of S = f1; : : : ; ng. If ¾ 2 Sn, there is
a natural action of ¾ onto the set S, which partitions S into orbits. This
partition is called the cycle decomposition of ¾. For instance, if

¾ =

µ
1 2 3 4 5 6 7
3 2 4 1 7 5 6

¶

then the cycle decomposition of ¾ is

¾ = (1 3 4)(2)(5 7 6): (1.13)

This simply means that 1 is mapped into 3, 3 into 4 and 4 back into 1,
and so on for the other cycles. Cycles are the basic building blocks of
permutations, much as primes are the basic building blocks of integers.
This decomposition is unique, up to order of course. If we further ask
the cycles to be ordered by increasing least elements (as above), then this
representation is unique. Let ¾ be a randomly chosen permutation (i.e.,
chosen uniformly at random). The following result describes the limiting
behaviour of the cycle decomposition of ¾. Let L(n) = (L1; L2; : : : ; Lk)
denote the cycle lengths of ¾, ordered by their least elements, and let
X(n) = (L1=n; : : : ; Lk=n) be the normalized vector, which tiles the unit
interval (0; 1).

Theorem 1.8. There is the following convergence in distribution:

X(n) ¡!d (P1; P2; : : :)

where (P1; : : : ; ) are the asymptotic frequencies of a PD(0; 1) random vari-
able in size-biased order.

(Naturally the convergence in distribution is with respect to the topology
on S0 deflned earlier, i.e., pointwise convergence of positive mass entries:
in fact, this convergence also holds for the restriction of the ‘1 metric).

Proof. There is a very simple proof that this result holds true. The proof
relies on a construction due to Feller, which shows that the stick-breaking
property holds even at the discrete level. The cycle decomposition of ¾
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can be realised as follows. Start with the cycle containing 1. At this stage,
the permutation looks like

¾ = (1

and we must choose what symbol to put next. This could be any number
of f2; : : : ; ng or the symbol which closes the cycle \)". Thus there are n
possibilities at this stage, and the Feller construction is to choose among
all those uniformly at random. Say that our choice leads us to:

¾ = (1 5

At this stage, we must choose among a number of possible symbols: every
number except 1 and 5 are allowed, and we are allowed to close the cycle.
Again, one must choose uniformly among those possibilities, and do so
until one eventually chooses to close the cycle. Say that this happens at
the fourth step:

¾ = (1 5 2)

At this point, to pursue the construction we open a new cycle with the
smallest unused number, in this case 3. Thus the permutation looks like:

¾ = (1 5 2)(3

At each stage, we choose uniformly among all legal options, which are to
close the current cycle or to put a number which doesn’t appear in the
previous list.

Then it is obvious that the resulting permutation is random: for in-
stance, if n = 7, and ¾0 = (1 3 4)(2)(5 7 6); then

P(¾ = ¾0) =
1

7
¢ 1
6
¢ : : : ¢ 1

2
¢ 1
1
=

1

7!

because at the kth step of the construction, exactly k numbers have already
been written and thus there n¡k+1 symbols available (the +1 is for closing
the cycle). Thus the Feller construction gives us a way to generate random
permutations (which is an extremely convenient algorithm from a practical
point of view, too).

Now, note that L1, which is the length of the flrst cycle, has a distribu-
tion which is uniform over f1; : : : ; ng. Indeed, 1 • k • n, the probability
that L = k is the probability that the algorithm chooses among n ¡ 1
options out of n, and then n¡ 2 out of n¡ 1, etc., until flnally at the kth

step the algorithm chooses to close the cycle (1 option out of n ¡ k + 1).
Cancelling terms, we get:

P(L = k) =
n¡ 1

n
¢ n¡ 2

n¡ 1
¢ : : : ¢ n¡ k + 1

n¡ k + 2

1

n¡ k + 1

=
1

n
:
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One sees that, similarly, given L1 and fL1 < ng, L2 is uniform on
f1; : : : ; n ¡ L1g, by construction. More generally, given (L1; : : : ; Lk) and
given that fL1 + : : : ;+Lk < ng, we have:

Lk+1 » Uniform on f1; : : : ; n¡ L1 ¡ : : :¡ Lkg (1.14)

which is exactly the analogue of (1.7). From this one deduces Theorem
1.8 easily.

1.4.2 Prime number factorisation

Let n ‚ 1 be a large integer, and let N be uniformly distributed on
f1; : : : ; ng. What is the prime factorisation of N? Recall that one may
write

N =
Y

p2P
pfip (1.15)

where P is the set of prime numbers and fip are nonnegative integers,
and that this decomposition is unique. To transfer to the language of
partitions, where we want to add the parts rather than multiply them, we
take the logarithms and deflne:

L1 = log p1; : : : ; Lk = log pk:

Here the pi are such that fip > 0 in (1.15), and each prime p appears fip
times in this list. We further assume that L1 ‚ : : : ‚ Lk.
Theorem 1.9. Let X(n) = (L1= log n; : : : ; Lk= log n). Then we have con-
vergence in the sense of flnite-dimensional distributions:

X(n) ¡! ( ~P1; : : :)

where ( ~P1; : : :) is the decreasing rearrangement of the asymptotic frequen-
cies of a PD(0; 1) random variable.

In particular, large prime factors appear each with multiplicity 1 with
high probability as n ! 1, since the coordinates of a PD(0; 1) random
variable are pairwise distinct almost surely. See (1.49) in [9], which credits
Billingsley [33] for this result, and [62] for a difierent proof using size-biased
ordering.

1.4.3 Brownian excursions

Let (Bt; t ‚ 0) be a standard Brownian motion, and consider the random
partition obtained by performing the paintbox construction to the tiling
of (0; 1) deflned by Z \ (0; 1), where

Z = ft ‚ 0 : Bt = 0g
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1

Figure 1.2: The tiling of (0; 1) generated by the zeros of Brownian motion.

is the zero-set of B.

Let (P1; : : : ; ) be the size of the tiles in size-biased order.

Theorem 1.10. (P1; : : :) has the distribution of the asymptotic frequencies
of a PD( 12 ; 0) random variable.

Proof. The proof is not complicated but requires knowledge of excursion
theory, which at this level we want to avoid, since this is only supposed to
be an illustrating example. The main step is to observe that at the inverse
local time ¿1 = infft > 0 : Lt = 1g, the excursions lengths are precisely a
Poisson point process with intensity ‰(dx) = x¡fi¡1 with fi = 1=2. This
is an immediate consequence Itô’s excursion theory for Brownian motion
and of the fact that Itô’s measure ” gives mass

”(e : jej 2 dt) = Ct¡3=2

for some C > 0. From this and Theorem 1.7, it follows that the normalized
excursion lengths at time ¿1 have the PD( 12 ; 0) distribution. One has to
work slightly harder to get this at time 1 rather than at time ¿1. More
details and references can be found in [134], together with a wealth of other
properties of Poisson-Dirichlet distributions.
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1.5 Tauberian theory of random partitions

1.5.1 Some general theory

Let ƒ be an exchangeable random partition with ranked frequencies
(P1; : : :), which we assume has no dust almost surely. In applications
to population genetics, we will often be interested in exact asymptotics of
the following quantities:

1. Kn, which is the number of blocks of ƒn (the restriction of ƒ to [n]).

2. Kn;r, which is the number of blocks of size r, 1 • r • n.

Obtaining asymptotics forKn is usually easier than forKn;r, for instance
due to monotonicity in n. But there is a very nice result which relates in
a surprisingly precise fashion the asymptotics of Kn;r (for any flxed r ‚ 1,
as n ! 1) to those of Kn. This may seem surprising at flrst, but we
stress that this property is of course a consequence of the exchangeability
of ƒ and Kingman’s representation. The asymptotic behaviour of these
two quantities is further tied to another quantity, which is that of the
asymptotic speed of decay of the frequencies towards 0. The right tool for
proving these results is a variation of Tauberian theorems, which take a
particularly elegant form in this context. The main result of this section
(Theorem 1.11) is taken from [91], which also contains several other very
nice results.

Theorem 1.11. Let 0 < fi < 1. There is equivalence between the following
properties:

(i) Pj » Zj¡fi almost surely as j !1, for some Z > 0.

(ii) Kn » Dnfi almost surely as n!1, for some D > 0.

Furthermore, when this happens, Z and D are related through

Z =

µ
D

¡(1¡ fi)

¶1=fi

;

and we have:
(iii) For any r ‚ 1, Kn;r » fi(1¡fi):::(r¡1¡fi)

r! Dnfi as n!1.

The result of [91] is actually more general, and is valid if one replaces D
by a slowly varying sequence ‘n. Recall that a function f is slowly varying
near 1 if for every ‚ > 0,

lim
x!1

f(‚x)

f(x)
= 1: (1.16)
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The prototypical example of a slowly varying function is the logarithm
function. Any function f which may be written as f(x) = xfi‘(x), where
‘(x) is slowly varying, is said to have regular variation with index fi. A
sequence cn is regularly varying with index fi if there exists f(x) such that
cn = f(n) and f is regularly varying with index fi, near 1.

Proof. (sketch) The main idea is to start from Kingman’s representation
theorem, and to imagine that the Pj are given, and then see ƒn as the
partition generated by sampling with replacement from (Pj). Thus in this
proof, we work conditionally on (Pj), and all expectations are (implicitly)
conditional on these frequencies.

Rather than looking at the partition obtained after n samples, it is
more convenient to look at it after N(n) samples, where N(n) is a Poisson
random variable with mean n. The superposition property of Poisson
random variables implies that one can imagine that each block j with
frequencies Pj is discovered (i.e., sampled) at rate Pj . Since we assume
that there is no dust, this means

P

j‚1 Pj = 1 almost surely, and hence
the total rate of discoveries is indeed 1. Let K(t) be the total number
of blocks of the partition at time t, and let Kr(t) be the total number of
blocks of size r at time t. Standard Poissonization arguments imply:

K(n)

Kn
! 1; a:s:

and
Kr(n)

Kn;r
! 1; a:s:

That is, we may as well look for the asymptotics in continuous Poisson
time rather than in discrete time. For this we will use the following law of
large numbers, proved in Proposition 2 of [91].

Lemma 1.1. For arbitrary (Pj),

K(t)

E(K(t)j(Pj)j‚1)
! 1; a:s: (1.17)

Proof. The proof is fairly simple and we reproduce the arguments of [91].
Recall that we work conditionally on (Pj), so all the expectations in the
proof of this lemma are (implicitly) conditional on these frequencies. Note
flrst that if '(t) = E(K(t)), then

'(t) =
X

j‚1
1¡ e¡Pjt
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and similarly if V (t) = varK(t), we have (since K(t) is the sum of inde-
pendent Bernoulli variables with parameter 1¡ e¡Pjt):

V (t) =
X

j

e¡Pjt(1¡ e¡Pjt)

=
X

j‚1
e¡Pjt ¡ e¡2Pjt

= '(2t)¡ '(t):

But note that ' is convex: indeed, by stationarity of Poisson processes,
the expected number of blocks discovered during (t; t+s] is '(s), but some
of those blocks discovered during the interval (t; t+ s] were in fact already
known prior to t, and hence don’t count in K(t+ s). Thus

V (t) < '(t)

and by Chebyshev’s inequality:

P

µfl
fl
fl
fl

K(t)

'(t)
¡ 1

fl
fl
fl
fl
> "

¶

• 1

"2'(t)
:

Taking a subsequence tm such that m2 • '(tm) < (m + 1)2 (which is
always possible), we flnd:

P

µfl
fl
fl
fl

K(tm)

'(tm)
¡ 1

fl
fl
fl
fl
> "

¶

• 1

"2m2
:

Hence by the Borel-Cantelli lemma, K(tm)='(tm) ¡! 1 almost surely as
m!1. Using monotonicity of both '(t) and K(t), we deduce

K(tm+1)

'(tm)
• K(t)

'(t)
<
K(tm+1)

'(tm)
:

Since '(tm+1)='(tm) ! 1, this means both the left-hand side and the
right-hand side of the inequality tend to 1 almost surely as m!1. Thus
(1.17) follows.

Once we know Lemma 1.1, note that

EK(t) =: '(t) =

Z 1

0

(1¡ e¡tx)”(dx)

where

”(dx) :=
X

j‚1
–Pj (dx):



N. Berestycki 29

Fubini’s theorem implies:

EK(t) = t

Z 1

0

e¡tx„”(x)dx (1.18)

where „”(x) = ”([x;1)), so the equivalence between (i) and (ii) follows
from classical Tauberian theory for the monotone density „”(x), together
with (1.17). That this further implies (iii), is a consequence of the fact
that

EKr(t) =
tr

r!

Z 1

0

xre¡tx”(dx)

=
tr

r!

Z 1

0

e¡tx”r(dx); (1.19)

where we have denoted

”r(dx) =
X

j‚1
P rj –Pj (dx):

Integrating by parts gives us:

”r([0; x]) = ¡xd„”(x) + r

Z x

0

ur¡1„”(x)dx:

Thus, by application of Karamata’s theorem [82] (Theorem 1, Chapter 9,
Section 8), we get that the measure ”r is also regularly varying, with index
r ¡ fi: assuming that „”(x) » ‘(x)x¡fi as x! 0,

”r([0; x]) »
fi

r ¡ fix
r¡fi‘(x);

by application of a Tauberian theorem to (1.19), we get that:

'r(t) »
fi¡(r ¡ fi)

r!
tfi‘(t): (1.20)

A reflnement of the method used in Lemma 1.1 shows that

Kr(n)

E(Kr(n)j(Pj)j‚1)
! 1; a:s: (1.21)

in that case. Putting together (1.20) and (1.21), we obtain (iii).

As an aside, note that (as pointed out in [91]), (1.21) needs not hold for
general (Pj), as it might not even be the case that E(Kr(n))!1.
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1.5.2 Example

As a prototypical example of a partition ƒ which verifles the assumptions
of Theorem 1.11, we have the Poisson-Dirichlet(fi; 0) partition.

Theorem 1.12. Let ƒ be a PD(fi; 0) random partition. Then there exists
a random variable S such that

Kn

nfi
¡! S

almost surely. Moreover S has the Mittag-Lefier distribution:

P(S 2 dx) = 1

…fi

1X

k=1

(¡1)k+1
k!

¡(fik + 1)sk¡1 sin(…fik):

Proof. We start by showing that nfi is the right order of magnitude for
Kn. First, we remark that the expectation un = E(Kn) satisfles, by the
Chinese restaurant process construction of ƒ, that

un+1 ¡ un = E

µ
Knfi

n

¶

=
fiun
n
:

This implies, using the formula ¡(x+ 1) = x¡(x) (for x > 0):

un+1 = un(1 +
fi

n
)

= (1 +
fi

n
)(1 +

fi

n¡ 1
) : : : (1 +

fi

1
)u1

=
¡(n+ 1 + fi)

¡(n+ 1)¡(1 + fi)
:

Thus, using the asymptotics ¡(x+ a) » xa¡(x),

un =
¡(n+ fi)

¡(n)¡(1 + fi)
» nfi

¡(1 + fi)
:

(This appears on p.69 of [133], but using a more combinatorial approach).
This tells us the order of magnitude for Kn. To conclude to the al-

most sure behaviour, a martingale argument is needed (note that we may
not apply Lemma 1.1 as this result is only conditional on the frequencies
(Pj)j‚1 of ƒ.) This is outlined in Theorem 3.8 of [133].

Later (see, e.g., Theorem 4.2), we will see other applications of this
Tauberian theory to a concrete example arising in population genetics.



Chapter 2

Kingman’s coalescent

In this chapter, we introduce Kingman’s coalescent and study its flrst
properties. This leads us to the notion of coming down from inflnity,
which is a \big bang" like phenomenon whereby a partition consisting of
pure dust coagulates instantly into solid fragments. We show the relevance
of Kingman’s coalescent to population models by studying its relationship
to the Moran model and the Wright-Fisher difiusion and state a result
of universality known as Mõhle’s lemma. We derive some theoretical and
practical implications of this relationship, such as the notion of duality
between Kingman’s coalescent and the Wright-Fisher difiusion. We then
show that the Poisson-Dirichlet distribution describes the allelic partition
associated with Kingman’s coalescent. As a consequence, Ewens’s sam-
pling formula describes the typical genetic variation (or polymorphism in
biological terms) of a sample of a population. This result is one of the
cornerstones of mathematical population genetics, and we show a few ap-
plications.

2.1 Deflnition and construction

2.1.1 Deflnition

Kingman’s coalescent is perhaps the simplest stochastic process of coales-
cence. It is easier to deflne it as a process with values in P, although by
Kingman’s correspondence there is an equivalent version in S0. Let n ‚ 1.
We start by deflning a process (ƒnt ; t ‚ 0) with values in the space Pn of
partitions of [n] = f1; : : : ; ng. This process is deflned by saying that:

1. Initially ƒn0 is the trivial partition in singletons.

2. ƒn is a strong Markov process in continuous time, where the transi-
tion rates q(…; …0) are as follow: they are positive if and only if …0 is

31



32 Chapter 2. Kingman’s coalescent

obtained from merging two blocks of …, in which case q(…; …0) = 1.

To put it in words, ƒn is a process which starts with a totally fragmented
state, and which evolves with (binary) coalescences. The evolution may
be described by saying that every pair of blocks merges at rate 1, inde-
pendently of their size. Because of this last property, one may think of a
block as a particle. Each pair of particles merges at rate 1, regardless of
any additional structure. When two particles merge, the pair is replaced
by a new particle which is indistinguishable from any other particle. ƒn is
sometime referred to as Kingman’s n-coalescent or simply an n-coalescent
(the deflnition of Kingman’s (inflnite) coalescent is delayed to Proposi-
tion 2.1).

Consistency. A trivial but important property of Kingman’s n-coalescent
is that of consistency: if we consider the natural restriction of ƒn to par-
titions in Pm, where m < n, we obtain a new random process ƒm;n. The
claim is that the distribution of ƒm;n exactly the law of Kingman’s m-
coalescent (and is thus independent of n). This is not a priori obvious, as
the projection of a Markov process needs not even stay Markov. However,
it is easy and elementary to verify the claim.

One important consequence of this property is, by Kokmogrov’s exten-
sion theorem, the following:

Proposition 2.1. There exists a unique in law process (ƒt; t ‚ 0) with
values in P, such that the restriction of ƒ to Pn is an n-coalescent.
(ƒt; t ‚ 0) is called Kingman’s coalescent.

To see how this follows from Kolmogorov’s extension theorem, note that
a partition … of N may be regarded as a function from N into itself: it
su–ces to assign to every integer i the smallest integer in the same block
of … as i. Hence a coalescing partition process (ƒt; t ‚ 0) may formally be
viewed as a process indexed by N taking its values into E = N

[0;1). The
consistency property above guarantees that the cylinder restrictions (i.e.,
the flnite-dimensional distributions) of this process are consistent, which
in turn makes it possible to use Kolmogorov’s extension theorem to yield
Proposition 2.1.

Quite apart from this \general abstract nonsense", the consistency prop-
erty also suggests a simple probabilistic construction of Kingman’s coales-
cent, which we now indicate. This construction is in the manner of graph-
ical constructions for models such as the voter model (see, e.g., [115] or
Theorem 5.3 in these notes), and serves as a model for the more sophis-
ticated future constructions of particle systems based on Fleming-Viot
processes. The idea is to label every block B of the partition ƒ(t) by its
lowest element. That is, we construct for every i ‚ 1, a label process
(Xt(i); t ‚ 0), where Xt(i) = j means that at time t, the lowest element
of the block containing i is equal to j. Thus Xt(i) has the properties that
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X0(i) = i for every i ‚ 1, and Xt(i) can only jump downwards, at times
of a coalescence event involving the block containing i. At each such event
Xt(i) jumps to the lowest element j such that j »ƒ(t+) i. The point is
that (Xt(i); t ‚ 0) can be constructed for every i ‚ 1 simultaneously, as
follows. For every i < j, let ¿i;j be an exponential random variable. To
deflne Xt(n), there is no problem in making the above informal descrip-
tion rigorous: indeed, to deflne Xt(n), it su–ces to look at the exponential
random variables associated with 1 • i < j • n, as the ¿i;j with n • i < j
cannot afiect Xt(n). Thus there can never be any accumulation point of
the ¿i;j since there are only flnitely many such variables to be considered.

[More formally, let T1 = inff¿i;j ; 1 • i < j • ng, and deflne recursively

Tk+1 = inff¿i;j : 1 • i < j • n; ¿i;j > Tkg:

Thus (T1; T2; : : :) is the sequence of times at which there is a potential
coalescence. Let ik; jk be deflned by Tk = ¿ik;jk . Deflne Xt(i) = i for all
t < T1. Inductively now, if k ‚ 1, and Xt(i) is deflned for all 1 • i • n,
and all t < Tk. Let I be the set of particles whose label changes at time
Tk:

I = fi 2 [n] : Xt(T
¡
k ) = jkg:

Deflne Xt(i) = XT¡k
(i) if i =2 I for all t 2 [Tk; Tk+1), and put Xt(i) = ik if

i 2 I, for all t 2 [Tk; Tk+1).]

Once the label process (Xt(i); t ‚ 0) is deflned simultaneously for all
i ‚ 1, we can deflne a partition ƒ(t) by putting:

i »ƒ(t) j if and only if Xt(i) = Xt(j): (2.1)

Moreover, it is obvious from the above description that the dynamics of
(ƒ(t); t ‚ 0) restricted to Pn is that of an n-coalescent. Thus (2.1) is a
realisation of Kingman’s coalescent. Note that despite the labelling process
which seems to favour lower labels rather than upper labels, the partition
ƒ(t) is, for every t > 0, exchangeable: this follows from looking at the
restriction of ƒ to [n] for every n ‚ 1 which contains the support of a
permutation ¾ with flnite support. From the original description of an
n-coalescent, it is plain that ƒn(t) is invariant under the permutation ¾.
Hence ƒ(t) is exchangeable.

2.1.2 Coming down from inflnity

We are now ready to describe what is one of Kingman’s coalescent’s most
striking features, which is that it comes down from inflnity. As we will see,
this phenomenon states that, although initially the partition is only made
of singletons, after any positive amount of time, the partition contains only
a flnite number of blocks almost surely, which (by exchangeability) must all
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have positive asymptotic frequency (in particular, there is no dust almost
surely anymore, as otherwise the singletons would contribute an inflnite
number of blocks). Thus, let Nt denote the number of blocks of ƒ(t).

Theorem 2.1. Let E be the event that for all t > 0, Nt < 1. Then
P(E) = 1.

In words, coalescence is so strong that all dust has coagulated into a flnite
number of solid blocks. We say that Kingman’s coalescent comes down
from inflnity. This is a big{bang{like event, which is indeed reminiscent
of models in astrophysics.

Proof. The proof of this result is quite easy, but we prefer to flrst give an
intuitive explanation for why the result holds true. Note that the time it
takes to go from n blocks to n ¡ 1 blocks is just an exponential random
variable with rate n(n ¡ 1)=2. When n is large, this is approximately
n2=2, so we can expect the number of blocks to approximately solve the
difierential equation: 8

<

:

u0(t) = ¡u(t)
2

2
u(0) = +1:

(2.2)

(2.2) has a well-deflned solution u(t) = 2=t, which is flnite for all t > 0
but inflnite for t = 0. This explains why Nt is flnite almost surely for all
t > 0. in fact, one guesses from the ODE approximation:

Nt »
2

t
; t! 0 (2.3)

almost surely. This statement is correct indeed, but unfortunately it is
tedious to make the ODE approximation rigorous. Instead, to show Theo-
rem 2.1, we use the following simple argument. It is enough to show that,
for every " > 0, there exists M > 0 such that P(Nt > M) • ": For this, it
su–ces to look at the restrictions ƒn of ƒ to [n], and show that

lim sup
n!1

P(Nn
t > M) • ": (2.4)

Here we used the notation Nn
t for the number of blocks of ƒnt . For every

n ‚ 1, let En be an exponential random variable with rate n(n ¡ 1)=2.
Then note that, by Markov’s inequality:

P(Nn
t > M) = P

ˆ
nX

k=M

Ek > t

!

• 1

t
E

ˆ
nX

k=M

Ek

!

• 1

t

1X

k=M

2

k(k ¡ 1)
:
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1

t

Figure 2.1: Aldous’ construction. The vertical sticks are located at uniform
random points on (0; 1). The stick at Uj has height ¿j . These deflne a
tiling of (0; 1) as shown in the picture. The tiles coalesce as t increases
from 0 to 1.

The right-hand side of the above inequality is independent of n, and can
be made as small as desired provided M is chosen large enough. Thus
(2.4) follows.

2.1.3 Aldous’ construction

We now provide two difierent constructions of Kingman’s coalescent which
have some interesting consequences. The flrst one is due to Aldous (section
4.2 in [5]). Let (Uj)

1
j=1 be a collection of i.i.d. uniform random variables on

(0; 1). Let Ej be a collection of independent exponential random variables
with rate j(j ¡ 1)=2, and let

¿j =

1X

k=j+1

Ek <1:

Deflne a function f : (0; 1) ! R by saying f(Uj) = ¿j for all j ‚ 1, and
f(u) = 0 if u is not one of the Uj ’s. Deflne a tiling S(t) of (0; 1) by looking
at the open connected components of fu 2 (0; 1) : f(u) > tg. See flgure
2.1.3 for an illustration.

Theorem 2.2. (S(t); t ‚ 0) has the distribution of the asymptotic fre-
quencies of Kingman’s coalescent.
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Proof. We ofier two difierent proofs, which are both instructive in their
own ways. The flrst one is straightforward: in a flrst step, note that the
transitions of S(t) are correct: when S(t) has n fragments, one has to
wait an exponential amount of time with rate n(n¡ 1)=2 before the next
coalescence occurs, and when it does, given S(t), the pair of blocks which
coalesces is uniformly chosen. (This follows from the fact that, given S(t),
their linear order is uniform). Once this has been observed, the second
step is to argue that the asymptotic frequencies of Kingman’s coalescent
forms a Feller process with an entrance law given by the \pure dust" state
S(0) = (1; 0; : : :) 2 S0. (Naturally, this Feller property is meant in the
sense of the usual topology on S0, i.e., not the restriction of the ‘1 metric,
but that determined by pointwise convergence of the non-dust entries.)
This argumentation can be found for instance in [5, Appendix 10.5]. Since
it is obvious that S(t) ! (1; 0; : : :) in that topology as t ! 0, we obtain
the claim that S(t) has the distribution of the asymptotic frequencies of
Kingman’s coalescent.

The second proof if quite difierent, and less straightforward, but more
instructive. Start with the observation that, for the flnite n-coalescent,
the set of successive states visited by the process, say (ƒn;ƒn¡1; : : : ;ƒ1)
(where for each 1 • i • n, ƒi has exactly i blocks), is independent from the
holding times (Hn; Hn¡1; : : : ; H2) (this is, of course, not true of a general
Markov chain, but holds here because the holding time Hk is an exponen-
tial random variable with rate k(k ¡ 1)=2 independent from ƒk.) Letting
n ! 1 and considering these two processes backward in time, we obtain
that for Kingman’s coalescent the reverse chain (ƒ1;ƒ2; : : :) is indepen-
dent from the holding times (H2; H3; : : :). It is obvious in the construction
of S(t) that the holding times (H2; : : :) have the correct distribution, hence
it su–ces to show that (ƒ1; : : : ; ) has the correct distribution, where ƒk is
the random partition generated from S(Tk) by sampling at uniform ran-
dom variables (Uj) independent of the time k ‚ 1 (here Tk is a time at
which S(t) has k blocks).

To this end, we introduce the notion of rooted segments. A rooted seg-
ment on k points i1; : : : ; ik is one of the possible k! linear orderings of these
k points. We think of them as being oriented from left to right, the left-
most point being the root of the segment. If n ‚ 1 and 1 • k • n, consider
the set Rn;k of all rooted segments on f1; : : : ; ng with exactly k distinct
connected components (the order of these k segments is irrelevant). We
call such an element a broken rooted segment.

Lemma 2.1. The random partition associated with a uniform element
of Rn;k has the same distribution as ƒnk , where (ƒnk )n‚k‚1 is the set of
successive states visited by Kingman’s n-coalescent.

Proof. The proof is modeled after [24], but goes back to at least Kingman
[107]. It is obvious that the partition associated with ¥n, a random element
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of Rn;n, has the same structure as ƒnn (as both these are singletons almost
surely). Now, let k • n and let ¥ be a randomly chosen element of Rn;k,
and let ¥0 be obtained from ¥ by merging a random pair of clusters and
choosing one of the two orders for the merged linear segment at random.
Then we claim that ¥0 is uniform on Rn;k¡1. Indeed, if » „ »0 denotes the
relation that »0 can be obtained from » by merging two parts, we get:

P(¥0 = »0) =
X

»2Rn;k:»„»0
P(¥ = »)P(¥0 = »0j¥ = »)

=
X

»2Rn;k:»„»0

1

jRn;kj
1

2

2

k(k ¡ 1)

=
1

jRn;kj
1

k(k ¡ 1)
jf» 2 Rn;k : » „ »0gj:

The point is that, given »0 2 Rn;k¡1, there are exactly n ¡ k + 1 ways to
cut a link from it and obtained a » 2 Rn;k such that » „ »0. Note that
there can be no repeat in this construction, and hence, jf» 2 Rn;k : » „
»0gj = n¡ k + 1, which does not depend on »0. In particular,

P(¥0 = »0) =
n¡ k + 1

k(k ¡ 1)jRn;kj
(2.5)

and thus ¥0 is uniform on Rn;k¡1.

4 2 3 651

4 2 3 651

4 2 3 651

4 2 3 651

4 2 3 651

4 2 3 651

Figure 2.2: Cutting a rooted random segment.

The lemma has the following consequence. It is easy to see that a random
element of Rn;k may be obtained by choosing a random rooted segment
on [n], and breaking it at k ¡ 1 uniformly chosen links. Rescaling the
interval [0; n] to the interval (0; 1) and letting n!1, it follows from this
argument that ƒk, which is the inflnite partition of Kingman’s coalescent
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when it has k blocks, has the same distribution as the unit interval cut at
k ¡ 1 uniform random points. This flnishes the proof of Theorem 2.2.

This theorem, and the discrete argument given in the second proof, have
a number of useful consequences, which we now detail.

Corollary 2.1. Let Tk be the flrst time that Kingman’s coalescent has
k blocks, and let S(Tk) denote the asymptotic frequencies at this time,
ranked in nonincreasing order. Then S(Tk) is distributed uniformly over
the (k ¡ 1)-dimensional simplex:

¢k =

(

x1 ‚ : : : ‚ xk ‚ 0 :
kX

i=1

xi = 1

)

:

We also emphasize that the discrete argument given in the second proof
of Theorem 2.2, has the following nontrivial consequence for the time-
reversal of Kingman’s n-coalescent: it can be constructed as a Markov
chain with \nice", i.e., explicit, transitions. Let (¥1; : : : ;¥n) be a process
such that ¥k 2 Rn;k for all 1 • k • n, and deflned as follows: ¥1 is a
uniform rooted segment on [n]. Given ¥i with 1 • i • n¡ 1, deflne ¥i+1
by cutting a randomly chosen link from ¥i. (See Figure 2.2).

Corollary 2.2. The time-reversal of ¥, that is, (¥n;¥n¡1; : : : ;¥1), has
the same distribution as Kingman’s n-coalescent in discrete time.

As a further consequence of this link, we get an interesting formula for
the probability distribution of Kingman’s coalescent:

Corollary 2.3. Let 1 • k • n. Then for any partition of [n] with exactly
k blocks, say … = (B1; B2; : : : ; Bk), we have:

P(ƒnk = …) =
(n¡ k)!k!(k ¡ 1)!

n!(n¡ 1)!

kY

i=1

jBij! (2.6)

Proof. The number of elements in Rn;k is easily seen to be

jRn;kj =
µ
n¡ 1

k ¡ 1

¶
n!

k!
: (2.7)

Indeed it su–ces to choose k ¡ 1 links to break out of n ¡ 1, after hav-
ing chosen one of n! rooted segments on [n]. Ignoring the order of the
clusters gives us (2.7). Since the same partition is obtained by permuting
the elements in a cluster of the broken rooted segment, we obtain imme-
diately (2.6).
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It is possible to prove (2.6) directly on Kingman’s coalescent by induc-
tion, which is the one chosen by Kingman [107] (see also Proposition 2.1
of Bertoin [28]). However this approach requires to guess the formula be-
forehand, which is really not that obvious! Induction works, but doesn’t
explain at all why such a formula should hold true. In fact, miraculous
cancellations take place and (2.6) may seem quite mysterious. Fortunately,
the connection with rooted segments explains why this formula holds.

Alternatively, we note that, given Corollary 2.1, (2.6) can be obtained
by conditioning on the frequencies of ƒk, which are obtained by breaking
the unit interval (0; 1), at k ¡ 1 uniform independent random points, and
then sampling from this partition as in Kingman’s representation theorem.
This has a Dirichlet density with k ¡ 1 parameters, so such integrals can
be computed explicitly, and one flnds (2.6).

Later, we will describe a construction of Kingman’s coalescent in terms
of a Brownian excursion (or, equivalently, of a Brownian continuum ran-
dom tree), which is seemingly quite difierent. Both these constructions
can be used to study some of the flne properties of Kingman’s coalescent:
see [5] and [16].

2.2 The genealogy of populations

We now approach a theme which is a main motivation for the study of
coalescence. We will see how, in a variety of simple population models,
the genealogy of a sample from that population can be approximated by
Kingman’s coalescent. This will usually be formalized by taking a scaling
limit as the population size N tends to inflnity, while the sample size n
is flxed but arbitrarily large. A striking feature of these results is that
the limiting process, Kingman’s coalescent, is to some degree universal,
as shown in the upcoming Theorem 2.5. That is, its occurrence is little
sensitive to the microscopic details of the underlying probability model,
much like Brownian motion is a universal scaling limit of random walks,
or SLE is a universal scaling limit of a variety of critical planar models
from statistical physics.

However, there are a number of important assumptions that must be
made in order for this approximation to work. Loosely speaking, those are
usually of the following kind:

(1) Population of constant size, and individuals typically have few ofi-
springs.

(2) Population is well-mixed (or mean-fleld): everybody is liable to in-
teract with anybody.

(3) No selection acts on the population.
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We will see how each of these assumptions is implemented in a model.
For instance, a typical assumption corresponding to (1) is that the popu-
lation size is constant and the number of ofisprings of a random individual
has flnite variance. Changing other parameters of the model (e.g., such
as overlapping generations or not) will not make any macroscopic difier-
ence, but changing any of those 3 points will usually afiect the genealogy
in essential ways. Indeed, much of the rest of the volume is devoted to
studying coalescent processes in which some or all of those assumptions
are invalidated. This will lead us in general to coalescent with multiple
mergers, taking place in some physical space modeled by a graph. But
we are jumping ahead of ourselves, and for now we flrst expose the basic
theory of Kingman’s coalescent.

2.2.1 A word of vocabulary

Before we explain the Moran model in next paragraph, we brie°y explain
a few notions from biology. From the point of view of applications, the
samples concern not the individuals themselves, but usually some of their
genetic material. Suppose one is interested in some speciflc gene (that is
to say, a piece of DNA which codes for a certain protein, to simplify).
Suppose we sample n individuals from a population of size N À n. We
will be interested in describing the genetic variation in this sample corre-
sponding to this gene, that is, in quantifying how much diversity there is
in the sample at this gene. Indeed, what typically happens is that several
individuals share the exact same gene and others have difierent variations.
Difierent versions of a same gene are called alleles. Here we will implic-
itly assume that all alleles are selectively equivalent, i.e., natural selection
doesn’t favour a particular kind of allele (or rather, the individual which
carries that allele).

To understand what we can expect of this variation, it turns out that
the relevant thing to analyse is the ancestry of the genes we sampled,
and, more precisely, the genealogical relationships between these genes.
To explain why this is so, imagine that all genes are very closely related,
say our sample comes from members of one family. Then we expect little
variation as there is a common ancestor to these individuals going back
not too far away in the past. Genes may have evolved from this ancestor,
due to mutations, but since this ancestor is recent, we can expect these
changes to be not very many. On the contrary, if our sample comes from
individuals that are very distantly related (perhaps coming from difierent
countries), then we expect a much larger variation.

Ancestral partition. It thus makes sense to desire to analyse the
genealogical tree of our sample. We usually do so by observing the ancestral
partition process. Suppose that we have a certain population model of
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Figure 2.3: Moran model and associated ancestral partition process. An
arrow indicates a replacement, the direction shows where the lineage comes
from. Here N = 7 and the sample consists of individuals 1,3,4,5,6. At time
t, ƒt = f1; 3; 5g; f4; 6g, while at time T , ƒT = f1; 3; 4; 5; 6g.

constant size N which is deflned on some interval of time I = [¡T; 0]
where T will usually be 1. Then we can sample without replacement n
individuals from the population at time 0, say x1; : : : ; xn, with n < N , and
consider the random partition ƒnt such that i » j if and only if xi and xj
share the same ancestor at time ¡t. The process (ƒnt ; 0 • t • T ) is then
a coalescent process. It is very important to realise that the direction of
time for the coalescent process is the opposite of the direction of time for
the \natural" evolution of the population.

Recalling that we only want the ancestry of the gene we are looking
at, rather than that of the individual which carries it, simplifles greatly
matters. Indeed, in diploid populations like humans (i.e., populations
whose genome is made of a number of pairs of homologous chromosomes,
23 for humans), each gene comes from a single parent, as opposed to
individuals, who come from two parents. Thus in our sample, we have
a number of n genes, and we can go back one generation in the past
and ask who were the \parents" (i.e., the parent gene) of each of those
n genes. It may be that some of these genes share the same parent, e.g.,
in the case of siblings. In that case, the ancestral lineages corresponding
to these genes have coalesced. Eventually, if we go far enough back into
the past, all lineages from our initial n genes, will have coalesced to a
most recent common ancestor, which we can call the ancestral Eve of our
sample. Note that if we sample n individuals from a diploid population
such as humans, we actually have 2n genes each with their genealogical
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lineage. Thus from our point of view, there won’t be any difierence between
haploid and diploid populations, except that the population size is in efiect
doubled. From now on, we will thus make no distinction between a gene
and an individual.

2.2.2 The Moran and the Wright-Fisher models

The Moran model is perhaps the simplest model which satisfles assump-
tion (1), (2) and (3). In it, there are a constant number of individuals
in the population, N . Time is continuous, and every individual lives an
exponential amount of time with rate 1. When an individual dies, it is
simultaneously replaced by an ofispring of another individual in the pop-
ulation, which is uniformly chosen from the population. This keeps the
population size constant equal to N . This model is deflned for all t 2 R.
See the accompanying Figure 2.3 for an illustration. Note that all three
assumptions are satisfled here, so it is no surprise that we have:

Theorem 2.3. Let n ‚ 1 be flxed, and let x1; : : : ; xn be n individuals
sampled without replacement from the population at time t = 0. For every
N ‚ n, let ƒN;nt be the ancestral partition obtained by declaring i » j if
and only if xi and xj have a common ancestor at time ¡t. Then, speeding
up time by (N ¡ 1)=2, we flnd:

(ƒN;n(N¡1)t=2; t ‚ 0) is an n-coalescent:

Proof. The model may for instance be constructed by considering N inde-
pendent stationary Poisson processes with rate 1 (Zt(i);¡1 < t <1)Ni=1.
Each time Zt(i) rings, we declare that the ith individual in the population
dies, and is replaced by an ofispring from a randomly chosen individual in
the rest of the population. Since the time-reversal of a stationary Poisson
process is still a stationary Poisson process, we see that while there are
k • n lineages that have not coalesced by time¡t, each of them experiences
what was a death-and-substitution in the opposite direction of time, with
rate 1. At any such event, the corresponding lineage jumps to a randomly
chosen other individual. With probability (k¡ 1)=(N ¡ 1), this individual
is one of the other k¡1 lineages, in which case there is a coalescence. Thus
the total rate at which there is a coalescence is k(k ¡ 1)=(N ¡ 1). Hence
speeding time by (N ¡ 1)=2 gives us a total coalescence rate of k(k¡ 1)=2,
as it should be for an n-coalescent with k blocks.

In the Wright-Fisher model, the situation is similar, but the model is
slightly difierent. The main difierence is that generations are discrete
and non-overlapping (as opposed to the Moran model, where difierent
generations overlap). To describe this model, assume that the population
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at time t 2 Z is made up of individuals x1; : : : ; xN . The population at
time t + 1 may be deflned as y1; : : : ; yN , where for each 1 • i • N , the
parent of yi is randomly chosen among x1; : : : ; xN . Again, the model may
be constructed for all t 2 Z. As above, all three conditions are intuitively
satisfled, so we expect to get Kingman’s coalescent as an approximation
of the genealogy of a sample.

Theorem 2.4. Fix n ‚ 1, and let ƒN;nt denote the ancestral partition at
time t of n randomly chosen individuals from the population at time t = 0.
That is, i » j if and only if xi and xj share the same ancestor at time ¡t.
Then as N !1, and keeping n flxed, speeding up time by a factor N :

(ƒN;nNt ; t ‚ 0) ¡!d (ƒ
n
t ; t ‚ 0)

where ¡!d indicates convergence in distribution under the Skorokhod topol-
ogy of D([0;1);Pn), and (ƒnt ; t ‚ 0) is Kingman’s n-coalescent.

Proof. (sketch) Consider two randomly chosen individuals x; y. Then the
time it takes for them to coalesce is Geometric with success probability
p = 1=N : indeed, at each new generation, the probability that the two
genes go back to the same ancestor is 1=N since every gene chooses its
parent uniformly at random and independently of one another. Let TN be
a geometric random variable with parameter 1=N . Since

1

N
TN ¡!d E;

an exponential random variable with parameter 1, we see that the pair
(x; y) coalesces at rate approximately 1 once time is speed up by N . This
is true for every pair, hence we get Kingman’s n-coalescent.

We brie°y comment that this is the general structure of limiting theo-
rems on the genealogy of populations: n is flxed but arbitrary, N is going
to inflnity, and after speeding up time by a suitable factor, we get conver-
gence towards the restriction of a nice coalescing process on n particles.

Despite their simplicity, the Wright-Fisher or the Moran model have
proved extremely useful to understand some theoretical properties of King-
man’s coalescent, such as the duality relation which will be discussed in
the subsequent sections of this chapter. However, before that, we will dis-
cuss an important result, due to Mõhle, which gives convergence towards
Kingman’s coalescent in the above sense, for a wide class of population
models known as Cannings models and may thus be viewed as a result of
universality.

2.2.3 Mõhle’s lemma

We now describe the general class of population models which is the frame-
work of Mõhle’s lemma, and which are known as Cannings models (after
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the work of Cannings [50, 51]). As the reader has surely guessed, we
will flrst impose that the population size stays constant equal to N ‚ 1,
and we label the individuals of this population 1; : : : ; N . To deflne this
model, consider a sequence of exchangeable integer-valued random vari-
ables (”1; : : : ; ”N ), which have the property that

NX

i=1

”i = N: (2.8)

The ”i have the following interpretation: at every generation, all N in-
dividuals reproduce and leave a certain number of ofisprings in the next
generation. We call ”i the number of ofisprings of individual i. Note that
once a distribution is specifled for the law of (”i)

N
i=1, a population model

may be deflned on a bi-inflnite set of times t 2 Z by using i.i.d. copies
f(”i(t))Ni=1; t 2 Zg. The requirement (2.8) corresponds to the fact that the
total population size stays constant, and the requirement that for every
t 2 Z, (”i(t))

N
i=1 forms an exchangeable vector corresponds to the fact that

there are no spatial efiects or selection: every individual is treated equally.
Having deflned this population dynamics, we consider again the coa-

lescing process obtained by sampling n < N individuals from the pop-
ulation at time 0, and considering their ancestral lineages: that is, let
(ƒn;Nt ; t = 0; 1; : : :) be the Pn-valued process deflned by putting i » j if
and only if individuals i and j share the same ancestor at generation ¡t.
This is the ancestral partition process already considered in the Moran
model and the Wright-Fisher difiusion.

Before stating the result for the genealogy of this process, which is due
to Mõhle [122], we make one further deflnition: let

cN = E

µ
”1(”1 ¡ 1)

N ¡ 1

¶

: (2.9)

Note that cN is the probability that two individuals sampled randomly
(without replacement) from generation 0 have the same parent at gener-
ation ¡1. Indeed, this probability p may be computed by summing over
the possible parent of one of those lineages and is thus equal to

p = E

ˆ
NX

i=1

”i
N

”i ¡ 1

N ¡ 1

!

= cN

since E(”i) = E(”1) by exchangeability. Thus cN is the probability of
coalescence of any two lineages in a given generation. Note that if we wish
to show convergence to a continuous coalescent process, cN (or rather
1=cN ) gives us the correct time-scale, as any two lineages will coalescence
in a time of order 1 after speeding up by 1=cN . We may now state the
main result of this section:
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Theorem 2.5. (Mõhle’s Lemma) Consider a Cannings model deflned by
i.i.d. copies f(”i(t))Ni=1; t 2 Zg. If

E(”1(”1 ¡ 1)(”1 ¡ 2))

N2cN
¡!
N!1

0; (2.10)

then cN ! 0 and the genealogy converges to Kingman’s coalescent.

The formal statement which is contained in the informal wording of the
theorem is that (ƒn;Nt=cN ; t ‚ 0), converges to Kingman’s n-coalescent for
every n ‚ 1.

Although the proof is not particularly di–cult, we do not include it in
these notes, and refer the interested reader to [122]. However, we do note
that the left hand side of (2.10) is, up to a scaling, equal to the probability
that three lineages merge in a given generation. Thus the purpose of
(2.10) is to demand that the rate at which three or more lineages coalesce
is negligible compared to the rate of pairwise mergers: this property is
indeed necessary if we are to expect Kingman’s coalescent in the limit.
See Mõhle [121] for other criterions similar to (2.10).

2.2.4 Difiusion approximation and duality

Consider the Moran model discussed in Theorem 2.3, and assume that at
some time t, say t = 0 without loss of generality, the population consists
of exactly two types of individuals: those which carry allele a, say, and
those which carry allele A. For instance, one may think that allele a is a
mutation which afiects a fraction 0 < p < 1 of individuals. How does this
proportion evolve with time? What is the chance it will eventually invade
the whole population?

From the description of the Moran model itself, it is easy to see that,
in the next dt units of time (with dt inflnitesimally small), if Xt is the
fraction of individuals with allele a, we have, if Xt = x:

Xt+dt =

8

><

>:

x+ 1
N with probability Nx(1¡ x)dt+ o(dt)

x¡ 1
N with probability Nx(1¡ x)dt+ o(dt)

x with probability 1¡ 2Nx(1¡ x)dt+ o(dt):

Indeed, Xt may only change by +1=N if an individual from the A popula-
tion dies (which happens at rate N(1¡x)) and is replaced with an individ-
ual from the a population (which happens with probability x). Hence the
total rate at which Xt increases by 1=N is Nx(1¡ x). Similarly, the total
rate of decrease by 1=N is x(1 ¡ x), since for this to occur, an individual
from the a population must die and be replaced by an individual from the
A population.
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Thus we see that the expect drift is

E(dXtj¾(Xs; 0 • s • t)) = 0

and that

var(dXtj¾(Xs; 0 • s • t)) =
2

N
Xt(1¡Xt)dt+ o(dt):

By routine arguments of martingale methods (such as in [75]), it is easy
to conclude that, speeding time by N=2, Xt converges to a nondegenerate
difiusion:

Theorem 2.6. Let (XN
t ; t ‚ 0) be the fraction of individuals carrying the

a allele at time t in the Moran model, started from XN
0 = p 2 (0; 1). Then

(XN
Nt=2; t ‚ 0) ¡!d (Xt; t ‚ 0)

in the Skorokhod topology of D(R+;R), where X solves the stochastic dif-
ferential equation:

dXt =
p

Xt(1¡Xt)dWt; X0 = p (2.11)

and W is a standard Brownian motion. (2.11) is called the Wright-Fisher
difiusion.

Note that the Wright-Fisher difiusion (2.11) has inflnitesimal generator

Lf(x) =
1

2
x(1¡ x) d

2

dx2
: (2.12)

Remark 2.1. In some texts difierent scalings are sometimes considered,
usually due to the fact that the \real" population size for humans (or any
diploid population) is 2N when the number of individuals in the population
is N . These texts sometime don’t slow down accordingly the scaling of time,
in which case the limiting difiusion is:

dXt =

r

1

2
Xt(1¡Xt)dWt; X0 = p

which is then called the Wright-Fisher difiusion. This unimportant change
of constant explains discrepancies with other texts.

As we will see, this difiusion approximation has many consequences for
questions of practical importance, as several quantities of interest have
exact formulae in this approximation (while in the discrete model, these
quantities would often be hard or impossible to compute exactly). There
are also some theoretical implications, of which the following is perhaps
the most important. This is a relation of duality, in the sense used in the



N. Berestycki 47

particle systems literature ([115]), between Kingman’s coalescent and the
Wright-Fisher difiusion. Intuitively, the Wright-Fisher difiusion describes
the evolution of a subpopulation forward in time, while Kingman’s coales-
cent describes ancestral lineages backward in time, so this relation is akin
to a change of direction of time. The precise result is as follows:

Theorem 2.7. Let E
! and E

ˆ denote respectively the laws of a Wright-
Fisher difiusion and of Kingman’s coalescent. Then, for all 0 < p < 1,
and for all n ‚ 1, we have:

E
!
p ((Xt)

n) = E
ˆ
n

‡

pjƒtj
·

(2.13)

where jƒtj denotes the number of blocks of the random partition ƒt.

Proof. (sketch) Consider a Moran model with total population size N ‚ 1,
and consider a subpopulation of allele a individuals obtained by °ipping a
coin for every individual with success probability p. Choose n individuals
at random out of the total population at time Nt=2. What is the chance of
the event E that these n individuals carry the a allele? On the one hand,
this can be computed by going backward in time Nt=2 units of time: by
Theorem 2.3, there are then approximately jƒtj ancestral lineages, where
ƒ is Kingman’s n-coalescent, and each of them carries the a allele with
probability p. If each of them carries the a allele, then their descendant
also carries the allele a, so

P(E) … E
ˆ
n (pjƒtj):

On the other hand, by Theorem 2.6, at time tN=2 we know that the
proportion of a individuals in the population is approximately Xt. Thus
the probability of the event E is, as N !1, approximately

P(E) … E
!
p (Xn

t ):

Equating the two approximations yields the result.

The relationship (2.13) is called a duality relation. In general, two pro-
cesses X and Y with respective laws E

ˆ and E
! are said to be dual if

there exists a function ˆ(x; y) such that for all x; y:

E
!
x (ˆ(Xt; y)) = E

ˆ
y (ˆ(x; Yt)): (2.14)

In our case Xt is the Wright-Fisher difiusion and Nt = Yt is the number
of blocks of Kingman’s coalescent, and ˆ(x; n) = xn. In particular, as n
varies, (2.13) fully characterizes the law of Xt, as it characterizes all its
moments.
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As an aside, this is a general feature of duality relations: as y varies, the
E
!
x (ˆ(Xt; y)) characterizes the law of Xt started from x. In particular,

relations such as (2.14) are extremely useful to prove uniqueness results for
martingale problems. This method, called the duality method, has been
extremely successful in the literature of interacting particle systems and
superprocesses, where it is often relatively simple to guess what martingale
problem a certain measure-valued difiusion should satisfy, but much more
complex to prove that there is a unique in law solution to this problem.
Having uniqueness usually proves convergence in distribution of a certain
discrete model towards the continuum limit specifled by the martingale
problem, so it is easy to see why duality can be so useful. For more about
this, we refer the reader to the relevant discussion in Etheridge [72].

We stress that duals are not necessarily unique: for instance, Kingman’s
coalescent is also dual to a process known as the Fleming-Viot difiusion,
which will be discussed in a later section as it will have important conse-
quences for us.

We now illustrate Theorems 2.6 and 2.7 with some of the promised
applications to questions of practical interest. Consider the Moran model
of Theorem 2.3. The most obvious question pertains to the following: if
the a population is thought of as a mutant from the A population, what
is the chance it will survive forever? It is easy to see this can only occur if
the a population invades the whole population and all the residents (i.e.,
the A individuals) die out. If so, how long does it take?

Let XN
t denote the number of a individuals in a Wright-Fisher model

with total population size N and initial a population XN
0 = pN , where

0 < p < 1. Note that XN
t is a flnite Markov chain with only two traps,

0 and N . Thus XN := limt!1XN
t exists almost surely and is equal to 0

or N . Let D be the event that XN = 0 (this is event that the a alleles
die out), and let S be the complementary event (this is the event that a
wipes out A). In biological terms, the time at which this occurs, say TN ,
is known as the flxation time.

Theorem 2.8. We have:

P(S) = p; P(D) = 1¡ p: (2.15)

Moreover, the flxation time TN satisfles:

E(TN ) » ¡N(p log p+ (1¡ p) log(1¡ p)): (2.16)

Proof. The flrst part of the result follow directly from the observation that
XN
t is a bounded martingale and the optional stopping theorem at time T .

For the second part, we use the difiusion approximation of Theorem 2.6
and content ourselves with verifying that for the limiting Wright-Fisher
difiusion, the expected time T to absorption at 0 or 1 is

E(T ) = ¡2(p log p+ (1¡ p) log(1¡ p)): (2.17)
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Technically speaking, there is some further work to do such a checking that
2TN=N ! T in distribution and in expectation, but we are not interested
in this technical point here. Note that for a difiusion, if f(p) is the expected
value of T starting from p, then f(p) satisfles:

(

Lf(p) = ¡1;
f(0) = f(1) = 0;

(2.18)

where Lf(x) = 1
2x(1 ¡ x)f 00(x) is the generator of the Wright-Fisher dif-

fusion. To see where (2.18) comes from, observe that, for any " > 0, and
for all 0 < x < 1,

f(x) = Ex(T ) = Ex(Ex(T jF"));
where F" = ¾(Xs; s • "). Thus by the Markov property, letting Pf(x) be
the semigroup of the difiusion X:

f(x) = Ex("+ EX"
(T ))

= "+ Ex(f(X"))

= "+ P"f(x)

= "+ f(x) + "Lf(x) + o(")

where the last equality holds since Lf(x) = lim"!0
P"f¡f
" . Since this last

equality must be satisfled for all " > 0, we conclude, after canceling the
terms f(x) on both sides of this equation and dividing by ":

1 + Lf(x) = 0

for all x 2 (0; 1), which, together with the obvious boundary conditions
f(0) = f(1) = 1, is precisely (2.18).

Now, (2.18) can be solved explicitly and the solution is indeed (2.17),
hence the result.

For p = 1=2, we get from Theorem 2.8 that

E(TN ) » 1:38N

or, for diploid populations with N individuals, E(TN ) » 2:56N . As Ewens
[80, Section 3.2] notes, this long mean time is related to the fact that the
spectral gap of the chain is small.

In practice, it is often more interesting to compute the expected flxation
time (and other quantities) given that the a allele succeeded in invading
the population. In that case it is possible to show:

E(TN jS) » ¡
N(1¡ p)

p
log(1¡ p):

See, e.g., [66, Theorem 1.32].
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2.3 Ewens’ sampling formula

We now come to one of the true cornerstones of mathematical population
genetics, which is Ewens’ sampling formula for the allelic partition of King-
man’s coalescent (these terms will be deflned in a moment). Basically, this
is an exact formula which governs the patterns of genetic variation within
a population satisfying all three basic assumptions leading to Kingman’s
coalescent. As a result, this formula is widely used in population genetics
and in practical studies; its importance and impact are hard to overstate.

2.3.1 Inflnite alleles model

We now deflne one of the basic objects of this study, which is the allelic
partition. It is based on a model called the inflnite alleles model which we
now describe. Imagine that, together with the evolution of a population
forwards in time (such as considered in the Moran model or in the Wright-
Fisher model, say), there exists a process by which mutations occur and
which induces difierences between the allele observed in a child from that
of his parent. If we consider a large gene, (i.e., one which consists of a
fairly large DNA sequence), it is reasonable to assume that the mutation
will make a change never seen before and never to be reproduced again by
a future mutation, that is, every mutation generates a new, unique allele.
To simplify extremely, imagine we are looking at the genealogy of a gene
coding for, say, eye colour. We may imagine that, initially, all individuals
carry the same allele, i.e., have the same eye colour (say brown). Then
as time goes by, a mutation occurs, and the child of a certain individual
carries a new colour, maybe blue. His descendants will also all have blue
eyes, and descendants of other individuals will carry brown eyes, until
one of them gets a new mutation, giving him say green eyes, which he
will in turn transmit to his children, and so on and so forth. The allelic
partition is the one that results when we identify individuals carrying the
same eye colour (or, more generally, the same allele at the observed gene).
We describe this partition through a vector, called the allele frequency
spectrum, which simply counts the number of difierent alleles with a given
multiplicity: that is, ai is the number of distinct alleles which are shared
by exactly i individuals. See Figure 2.4 for an illustration of the allelic
partition.

For instance, (the two following datasets are taken from [66], and were
gathered respectively by [57] and [150]), in a study of n = 60 drosophilae
(D. persimilis), the allelic partition was represented by,

a1 = 18; a2 = 3; a4 = 1; a32 = 1:

That is, 1 allele was shared by 32 individuals, 1 allele was shared by 4
individuals, 3 alleles were found in pairs of individuals, and 18 individuals



N. Berestycki 51

Figure 2.4: The allelic partition generated by mutations (squares).

had a unique allele. Thus the associated partition had 18+ 3+ 1+ 1 = 23
blocks. In another, larger study of Drosophila (D. pseudobscura), on n =
718 individuals:

a1 = 7; a2 = a3 = a5 = a6 = a8 = a9 = a26 = a36 = a37 = 1;

a82 = 2; a149 = 1; a266 = 1:

2.3.2 Ewens sampling formula

Given the apparent difierence between these two data sets, what can we
expect from a typical sample? It is natural to assume that mutations arrive
at constant rate in time, and, that, for many populations, assumptions (1),
(2) and (3) are satisfled so that the genealogy of a sample is deflned by
Kingman’s coalescent. Thus, we will assume that, given the coalescence
tree of a sample (obtained from Kingman’s coalescent), mutations fall on
the coalescence tree according to a Poisson point process with constant
intensity per unit length, which we deflne to be µ=2 for some µ > 0, for
reasons that will be clear in a moment. We may then look at the (random)
allelic partition that this model generates, and ask what does this partition
typically look like. See Figure 2.4 for an illustration.

Note that, ƒn deflnes a consistent family of partitions as n increases,
so one may deflne a random partition ƒ, called the allelic partition, such
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that ƒn = ƒj[n] for all n ‚ 1.

Theorem 2.9. Let ƒ be the allelic partition obtained from Kingman’s
coalescent and the inflnite alleles model with mutation rate µ=2. Then ƒ
has the law of a Poisson-Dirichlet random partition with parameter µ. In
particular, the probability that A1 = a1, A2 = a2; : : : ; An = an, is given
by:

p(a1; : : : ; an) =
n!

µ(µ + 1) : : : (µ + n¡ 1)

nY

j=1

(µ=j)aj

aj !
: (2.19)

Proof. We flrst note that (2.19) is simply a reformulation of Ewens’ sam-
pling formula in Theorem 1.6, taking into account the combinatorial fac-
tors needed when describing ƒ indirectly through the summary statistics
(a1; : : : ; an), which is the traditional data recorded. Note in particular
that (2.19) shows that the vector (A1; : : : ; An) has the distribution of
independent Poisson random variables Z1; : : : ; Zn with parameters µ=j,
conditioned on the event that

Pn
j=1 jZj = n.

A particularly simple and elegant proof that ƒ has the Poisson-Dirichlet
(0; µ) consists in showing directly that ƒ can be constructed as a Chinese
Restaurant Process with parameter µ. Suppose the coalescence tree is
drawn with the root at the bottom and the n leaves at the top (like a real-
life tree!) To every leaf of the tree, there is a unique path between it and
the root, and there is a unique flrst mutation mark on this path, which we
run from the leaf to the root, i.e. top to bottom (if no such mark exists, we
may consider extending the coalescence tree by adding an inflnite branch
from the root, on which such a mark will always exist almost surely). Note
that to describe the allelic partition ƒn, it su–ces to know to know the
portion of the coalescence tree between all the leaves and their flrst marks,
and do not care about later coalescence events or mutations (here, time is
also running in the coalescence direction, i.e., from top to bottom). This
consideration leads us to associate to the marked coalescence tree a certain
forest, i.e., a collection of trees, which are subtrees from the coalescence
tree and contain all the leaves and their nearest marks.

Deflne 0 < Tn < Tn¡1 < : : : T2 < T1 to be the times at which there is an
event which reduces the number of branches in the forest described above.
These events may be of two types: either a coalescence or a mutation
(which \kills" the corresponding branch). In either case, the number of
branches decreases by 1, so there are exactly n such times until there
are no branches left. The Chinese Restaurant Process structure of the
partition is revealed when we try to describe this forest from bottom to
top, by looking at what happens at the reverse times T1; T2; : : : ; Tn. At
each time Tm, 1 • m • n, we may consider the partition ƒnm, which is the
partition deflned by the m lineages uncovered by time Tm. At time T1,
we are adding a lineage which may be considered the root of this forest.
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Naturally, the partition it deflnes is just f1g. Suppose now that m ‚ 1,
and we are looking at the distribution of the partition ƒnm+1, given ƒnm.
This (m+1)th lineage disappeared from the forest for either of two reasons:
either by coalescence, or by mutation. If it was a mutation, then we know
this lineage will open a new block of the partition ƒnm+1. If, however, it
was by a coalescence, then our (m+1)th customer joins one of the existing
blocks. It remains to compute the probabilities of these events. Note
that between times Tm and Tm+1 there are precisely m+1 other lineages.
Suppose the cluster sizes of ƒnm are respectively n1; : : : ; nk. The total rate
of coalescence when there are m+1 lineages is m(m+1)=2, and the total
mutation rate is (m+ 1)µ=2. It follows that,

P(new blockjƒnm) =
µ(m+ 1)=2

m(m+ 1)=2 + µ(m+ 1)=2

=
µ

m+ µ
:

Indeed, the event that there is a coalescence or a mutation at time Tm
rather than a mutation, is independent of ƒnm by the strong Markov prop-
erty of Kingman’s coalescent at time Tm+1. Similarly,

P(join block of size nijƒnm) =
m(m+ 1)=2

m(m+ 1)=2 + µ(m+ 1)=2

ni
m

(2.20)

=
ni

m+ µ
:

Indeed, in order to join a table of size ni, flrst a coalescence must have
occurred (this is the flrst term in the right-hand side of (2.20)), then we
note that conditionally on this event, the new lineage coalesced with a
randomly chosen lineage, and thus a particular group of size ni was chosen
with probability nj=m. We recognize here the transitions of the Chinese
Restaurant Process, so by Theorem 1.5 we get the desired result.

Remarkably, when W. Ewens [79] found this formula (2.19), this was
without the help of Kingman’s coalescent, although clearly this viewpoint
is a big help. There exist numerous proofs of Ewens sampling formula for
the inflnite alleles model, of which several can be found in [95], together
with some interesting extensions.

2.3.3 Some applications: the mutation rate

We brie°y survey some applications of the above result. One chief appli-
cation of Theorem 2.9 is the estimation of the mutation rate µ=2. Note
that, by Ewens’ sampling formula, the conditional distribution of … given
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the number of blocks Kn is

P(ƒn = …jKn = k) = cn;k

kY

i=1

ni! (2.21)

where cn;k =
P

?

Qk
i=1 ni! where the sum is over all partitions with k

blocks. Equivalently, since
Pn
j=1 aj = k,

p(a1; : : : ; anjk) = c0n;k

nY

j=1

(1=j)aj

aj !
(2.22)

for a difierent normalizing constant c0n;k. The striking feature of (2.21)
and (2.22) is that both right-hand sides do not depend on µ. In particular,
we can not learn anything about µ beyond what we can tell from simply
looking at the number of blocks. In statistical terms, Kn is a su–cient
statistics for µ. This raises the question: how to estimate µ from the
number of blocks?

Theorem 2.10. let ƒ be a PD(µ) random partition, and let ƒn be its
restriction to [n], with Kn blocks. Then

Kn

log n
¡! µ; a:s: (2.23)

as n!1. Moreover,

Kn ¡ µ log np
µ log n

¡!d N (0; 1): (2.24)

Proof. (2.23) is an easy consequence of the Chinese Restaurant Process
construction of a PD(µ) random partition. Indeed, let Ii be the indicator
random variable that customer i opens a new block. Then Kn =

Pn
i=1 Ii

and the random variables Ii are independent, with

P(Ii = 1) =
µ

µ + i¡ 1
:

Thus E(Kn) » µ log n;, and var(Kn) • E(Kn). Find a subsequence nk
such that k2 • E(Knk) < (k + 1)2. (Thus if µ = 1, nk = e2k works.) By
Chebyshev’s inequality:

P

µfl
fl
fl
fl

Knk

log(nk)
¡ µ
fl
fl
fl
fl
> "

¶

• var(Knk)

"2(log nk)2
• 2µ

"2k2

for every " > 0. By the Borel-Cantelli lemma, there is almost sure conver-
gence along the subsequence nk. Now, using monotonicity of Kn and the
sandwich theorem, we see that for n such that nk • n < nk+1, we get

Knk

log(nk+1)
• Kn

log n
• Knk+1

log(nk)
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but since 1 • log(nk+1)
log(nk)

• (k+1)2

k2 ! 1, we see that both left- and right-

hand sides of the inequalities converge to µ almost surely. This proves
(2.23). The central limit theorem (2.24) follows from a similar applica-
tion of the Lindeberg-Feller theorem for triangular arrays of independent
random variables (see Theorem 4.5 in [65]).

As Durrett [66] observes, while Theorem 2.10 is satisfactory from a theo-
retical point of view, as it provides us with a way to estimate the mutation
rate µ, in practice the convergence rate of 1=

p
log n is very slow: it takes

n = e100 to get a standard deviation of about 0:1.
In fact, it can be shown using Ewens’ sampling formula that the

maximum-likelihood estimator of µ is the value µ̂ which makes E(Kn)
equal to the observed number of blocks. In that case, the variance of that
estimator is also roughly the same, as it can be shown using general theory
of maximum likelihood (see below Theorem 1.13 in [66])

var(µ̂) =

µ
1

µ2
var(Kn)

¶¡1
» µ

log n

which is the same order of magnitude as before, i.e., very slow. Other ideas
to estimate µ can be used, such as the sample homozigosity: this is the
proportion of pairs of individuals who share the same allele in our sample.
See [66, Section 1.3] for an analysis of that functional.

2.3.4 The site frequency spectrum

Along with the inflnite alleles model, there is a difierent model for genetic
variation, called the inflnite sites model. For arbitrary reasons, we have
decided to spend less time on this model than on the inflnite alleles model,
and the reader wanting to move on to the next subject is invited to do
so. However, this model will come back as a very useful theoretical tool in
later models of ⁄-coalescents, as it turns out to be closely related to the
inflnite alleles model but is partly easier to analyse.

The inflnite sites model looks at a type of data which is altogether dif-
ferent from the one we were trying to model with the inflnite alleles model.
Suppose we look at a flxed chromosome (rather than a flxed locus on that
chromosome). We are interested in seeing which sites of the chromosome
are subject to variation. Suppose, for instance that the chromosome is
made of 10 nucleotides, i.e., is a word of 10 letters in the alphabet A,T,C,G.
In a sample of n individuals, we can observe simultaneously these 10 nu-
cleotides. It then makes sense to ask which of those show variation: for
instance, we may observe that nucleotide 5 is the same in all individuals,
while number 3 has difierent variants present in a number of individuals,
say k. These k individuals don’t necessarily have the same nucleotide 3 or
at other places, and so it would seem that by observing this data we gain
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more insight about the genealogical relationships of the individuals in our
sample (as we can observe several loci at once!) but it turns out that this
is not the case.

The inflnite sites model starts with the assumption that each new mu-
tation afiects a new, never touched before or after, site (locus) of the chro-
mosome. This mutation is transmitted unchanged to all the descendants
of the corresponding individual, and will be visible forever. Hence muta-
tions just accumulate, instead of erasing each other. Our assumptions will
still be that the mutation rate is constant, and that, given the coalescence
tree on n individuals (a realisation of Kingman’s n-coalescent), mutations
fall on it as a Poisson point process with constant intensity µ=2 per unit
length. In this model, there is no natural partition to deflne, but it makes
sense to ask:

1. what is the total number of sites Sn at which there is some variation?

2. What is the number Mj(n) of sites at which exactly j individuals
have a mutation?

Sn is called the number of segregating sites and is often referred to in
the biological literature as SNPs for Single Nucleotide Polymorphism. The
statistics (M1(n);M2(n); : : : ;Mn(n)) is called the site frequency spectrum
of the sample. Note that

Pn
j=1Mj(n) = Sn. Note also that Sn may be

constructed simultaneously for all n ‚ 1 by enlarging the sample and using
the consistency of Kingman’s coalescent.

Theorem 2.11. We have:

Sn
log n

¡! µ; a:s: (2.25)

as n!1, and furthermore for all j ‚ 1:

E(Mj(n)) =
µ

j
: (2.26)

Proof. Naturally, the reader is invited to make a parallel with Theorem
2.10. The result (2.25) is conceptually slightly simpler, as given the coa-
lescence tree, Sn is simply a Poisson random variable with mean µLn=2,
where Ln is the total length of the tree, i.e., the sum of the lengths of all
the branches in the tree. But observe that while there are k lineages, the
time it takes to get a coalescence is exponential with mean 2=(k(k ¡ 1)).
Thus since there are exactly k branches during this interval of times, we
get:

E(Ln) =
nX

k=2

k
2

k(k ¡ 1)
= 2

n¡1X

j=1

1

j
= 2hn¡1
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where hn is the harmonic series. Thus

E(Sn) = E(E(SnjLn)) =
µ

2
E(Ln) = µhn¡1

» µ log n:

Easy large deviations for sum of exponential random variables and Poisson
random variables, together with the Borel-Cantelli lemma, show the strong
law of large numbers (2.25).

For the site frequency spectrum, we use the Moran model embedding of
Kingman’s coalescent (Theorem 2.3). Let N denote the population size,
and let n = N be the sample size: that is, the sample is the whole popula-
tion. Recall that the genealogy of these n individuals, sped up by a factor
(N ¡1)=2, is a realisation of Kingman’s n-coalescent. Note that if a muta-
tion appears at time ¡t, the probability that it afiects exactly k individuals
is precisely pt(1; k) where pt(x; y) denotes the transition probabilities of
the discrete Markov chain which counts the number of individuals carry-
ing that mutation. Since mutations only accumulate, we get by integration
over t :

E(Mj(n)) =

Z 1

0

pt(1; j)µdt = µG(1; k) (2.27)

where G(x; y) is the Green function of the Markov chain, which computes
the total expected number of visits to y started from x. (Since this chain
gets absorbed in flnite time (and flnite expectation) to the state N or 0,
the Green function is flnite. It is moreover easy to compute this Green
function explicitly. Let Ĝ denote the Green function for the discrete time
chain, X̂. Note that

G(x; y) =
1

q(y)
Ĝ(x; y) (2.28)

where q(y) is the total rate at which the chain leaves state y. In our
case, that is 2y(N ¡ y)=N . Now, note that Ĝ(k; k) is 1=p where p is the
probability of never coming back to k starting from k. Indeed, the number
of visits to k started from k is geometric with this parameter. When the
chain leaves k, it is equally likely to go up or down. Using the fact that
X̂ is a martingale, and the optional stopping theorem such as in Theorem
2.8, we get:

p =
1

2

1

k
+

1

2

1

N ¡ k =
2N

k(N ¡ k) :

Thus

Ĝ(k; k) =
k(N ¡ k)

2N
: (2.29)

Now, note that by the Markov property,

Ĝ(1; k) = P(Tk < T0)Ĝ(k; k) =
1

k
Ĝ(k; k)
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and thus we get:

Ĝ(1; k) =
2(N ¡ k)

N
:

Remembering (2.28):

G(1; k) =
1

k
: (2.30)

Using (2.27), this completes the result.



Chapter 3

⁄-coalescents

In this chapter we introduce the ⁄-coalescent processes, also known as
coalescents with multiple collisions. We show a useful and intuitive con-
struction of these processes in terms of a certain Poisson point process, and
analyse the phenomenon of coming down from inflnity for these processes.
We explain the relevance of these processes to the genealogy of popula-
tions through two models, one due to Schweinsberg, and another one due
to Durrett and Schweinsberg: as we will see, these processes describe the
genealogy of a population either when there is a very high variability in the
ofispring distribution, or if we take in to account a form of selection and
recombination (these terms will be deflned below). Finally, we give a brief
introduction to the work of Bertoin and Le Gall about these processes.

3.1 Deflnition and construction

3.1.1 Motivation

We saw in the previous chapter how Kingman’s coalescent is a suitable
approximation for the genealogy of a sample from a population which
satisfles a certain number of conditions such as constant population size,
mean-fleld interactions and neutral selection, as well as low ofispring vari-
ability. When these assumptions are not satisfled, i.e., for instance, when
size °uctuations cannot be neglected, or when selection cannot be ignored,
we need some difierent kind of coalescence process to model the genealogy.
Assume for instance that the population size has important °uctuations.
E.g., assume that from time to time there are \bottlenecks" in which the
population size is very small, due to periodical environmental conditions
for instance. In our genealogy, this will correspond to times at which a
large proportion of the lineages will coalesce. Similarly, if there is a large
impact of selection, individuals who get a beneflcial mutation will quickly

59
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recolonize an important fraction of the population, hence we will observe
multiple collision when tracing the ancestral lineages at this time. Large
variability in ofispring distribution such as many coastal marine species
also leads to the same property that many lineages may coalesce at once.
In those situations, Kingman’s coalescent is clearly not a suitable approxi-
mation and one must look for coalescent processes which allow for multiple
mergers.

3.1.2 Deflnition

Of course, from the point of view of sampling, it still makes sense to require
that our coalescing process be Markovian and exchangeable, and also that
it deflnes a consistent process: that is, there exists an array of numbers
(‚b;k)2•k•b which gives us the rate at which any flxed k-tuple of blocks
merges when there are b blocks in total. To ask that it is consistent is to
ask that these numbers do not depend on n (the sample size), and that
the numbers ‚b;k satisfy the recursion:

‚b;k = ‚b+1;k + ‚b+1;k+1: (3.1)

Indeed, a given group of k blocks among b may coalesce in two ways when
reveal an extra block b+ 1: either these k coalesce by themselves without
the extra block, or they coalesce together with it. (For reasons that will
be clear later, at the moment we do not allow for more than 1 merger at
a time: that is, several blocks are allowed to merge into 1 at a given time,
but there cannot be more than 1 such merger at any given time). We will
refer to coalescent processes with no simultaneous mergers as simple.

Deflnition 3.1. A family of n-coalescents is any family of simple, Marko-
vian, Pn-valued coalescing processes (ƒnt ; t ‚ 0), such that ƒnt is exchange-
able for any t ‚ 0 and consistent in the sense that the law of ƒn restricted
to [m] is that of ƒm, for every 1 • m • n. It is uniquely specifled by
an array of numbers satisfying the consistency condition (3:1), where for
2 • k • b:

‚b;k = merger rate of any given k-tuple of blocks among b blocks:

Naturally, given any consistent family of n-coalescents, there exists a
unique in law Markovian process ƒ with values in P such that the restric-
tion of ƒ to Pn has the law of ƒ.

Deflnition 3.2. The process (ƒt; t ‚ 0), is a ⁄-coalescent, or coalescent
with multiple collisions.
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3.1.3 Pitman’s structure theorems

Multiple collisions, of course, refer to the fact there are times at which more
than 2 blocks may merge, but also implicitly to the fact that such mergers
do not occur simultaneously. (Processes without this last restriction have
also been studied, most notably in [143]. They have enjoyed renewed
interest in recent years, see, e.g., Taylor and Veber [149] or Birkner et al.
[35]).

The name of ⁄-coalescent, however, may seem mysterious to the reader
at this point. It comes from the following beautiful characterisation of
coalescents with multiple collisions, which is due to Pitman [131].

Theorem 3.1. Let ƒ be a coalescent with multiple collisions associated
with the array of numbers (‚b;k)2•k•b. Then there exists a flnite measure
⁄ on the interval [0; 1], such that:

‚b;k =

Z 1

0

xk¡2(1¡ x)b¡k⁄(dx) (2 • k • b): (3.2)

The measure ⁄ uniquely characterizes the law of ƒ, which is then called a
⁄-coalescent.

Proof. (sketch) Pitman’s proof is based on De Finetti’s theorem for ex-
changeable sequences of 0’s and 1’s: it turns out that (3.1) is precisely the
necessary and su–cient condition to have:

„i;j = E(Xi(1¡X)j); i; j ‚ 0:

for some random variable 0 • X • 1, where „i;j = ‚i+j+2;j+2. (See
(23)-(25) in [131]).

This proof is clean but not very intuitive. We will launch below into a
long digression about this result, which we hope has the merit of explaining
why this result is true, even though, unfortunately this heuristics does not
seem to yield a rigorous proof. However, along the way we will also uncover
a useful probabilistic structure beneath (3.2), which will then be used to
produce an elegant construction of ⁄-coalescents.

The bottom line of this explanation is that Theorem 3.1 should be re-
garded as a L¶evy-Itô decomposition for the process ƒ. The main reason
for this as follows. Because we treat blocks as exchangeable particles (in
particular, we do not difierentiate between an inflnite block and a block
of size 1), it is easy to convince oneself that a coalescent with multiple
collisions (ƒt; t ‚ 0) (in the sense of deflnition 3.2), is a L¶evy process, in
the sense that for every t; s ‚ 0 we may write, given Ft = ¾(ƒs; s • t):

ƒt+s = ƒt ?ƒ
0
s (3.3)
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where ƒ0s is independent from Ft and has the same distribution as ƒs.
Here, the ? operation is deflned as follows: for a partition … = (B1; : : :)
and a partition …0 = (B01; : : :), the partition ‰ = … ? …0 is deflned by saying
that we coagulate all the blocks of … whose labels are in the same block of
…0: for instance if i and j are in the same block of …0, then Bi and Bj will
be subsets of a single block of ‰. The operation ? is noncommutative and
does not turn P into a group. However, it does turn it into what is known
in abstract algebra as a monoid (i.e., the operation is associative and has
a neutral element which is the trivial partition into singletons).

The identity (3.3) says that (ƒt; t ‚ 0) may be considered a L¶evy pro-
cess in the monoid (P; ?). At this point, it is useful to remind the reader
what is a L¶evy processes: a real-valued process (Xt; t ‚ 0) is called L¶evy if
it has independent and stationary increments: for every t ‚ 0, the process
(Xt+s¡Xt; s ‚ 0) is independent from Ft and has same distribution as the
original process X. The simplest example of L¶evy processes are of course
Brownian motion and the simple Poisson process (an excellent introduc-
tion to L¶evy processes can be found in [27]). The most fundamental result
about L¶evy processes is the L¶evy-Itô decomposition, which says that any
real-valued L¶evy process can be decomposed as a sum of a Brownian mo-
tion, a deterministic drift, and compensated Poisson jumps. The simplest
way to express this decomposition is to say that the characteristic function
of Xt may written as:

E(eiqXt) = exp(tˆ(q))

where

ˆ(u) = c1iq ¡ c2
q2

2
+

Z 1

¡1
eiqx ¡ 1¡ qx1fjxj<1g”(dx): (3.4)

Here, c1 2 R; c2 ‚ 0 and ”(dx) is any measure on R such that
Z

R

(jxj2 ^ 1)”(dx) <1: (3.5)

A measure which satisfles (3.5) is called a L¶evy measure, and the formula
(3.4) is called the L¶evy-Khintchin formula. It says in particular that the
evolution of X is determined by a Brownian evolution together jumps
and deterministic drift, where the rate at which the process makes jumps
of size x is precisely ”(dx). The integrability condition (3.5) is precisely
what must be satisfled in order to make rigorous sense of that description
through a system of compensation of these jumps by a suitable drift.

The notion of L¶evy process can be extended to a group G, where here
we require only the process X to satisfy that X(t)¡1X(t + s) is indepen-
dent from Ft, and has the same distribution as X(s), for every s; t ‚ 0.
Without entering into any detail, when the group G is (locally compact)
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abelian, the Fourier analysis approach to the L¶evy-Khintchin formula (3.4)
is easy to extend (via the characters of G, which are then themselves a
locally compact abelian group) and yields a formula similar to (3.4). In
noncommutative setups, this approach is more di–cult but nonetheless
there exist some important results such as a result of Hunt for Lie groups
[100]. (I learnt of this in a short but very informative account [7]).

I am not aware of any result in the case where the group G is replaced
by a non-abelian monoid such as P, but it is easy to imagine that any
L¶evy process in P (i.e., a process which satisfles (3.3) may be described
by a measure ” on the space P, which specifles the inflnitesimal rate at
which we multiply the current partition ƒt by …:

”(d…) = rate: ƒt ! ƒt ? …: (3.6)

Now, note that in our situation, we have some further information avail-
able: we need our process to be exchangeable, and to not have more than
1 merger at a time, i.e., to be what we called simple. Thus ” must be
supported on measures with only one nontrivial block, and must be ex-
changeable. By De Finetti’s theorem, the only possible way to do that is
to have a (possibly random) number 0 < p < 1, and have every integer i
take part into that block by tossing a coin with success probability p. Let
•p denote this random partition.

Deflnition 3.3. The operation … 7! … ? •p is called a p-merger of the
partition ….

In words, for every block of the partition …, we toss a coin whose prob-
ability of heads is p. We then merge all the blocks that come up heads.
That is, we coalesce a fraction p of all blocks through independent coin
toss. Therefore, we see that (3.6) transforms into: given a coalescent with
multiple collision (ƒt; t ‚ 0), there exists a measure ” on [0; 1], such that

at rate ”(dp) : perform a p-merger:

If this is indeed the case, then note that the numbers ‚b;k satisfy:

‚b;k =

Z 1

0

pk(1¡ p)b¡k”(dp):

This is now looking very close to the statement of Theorem 3.1. It remains
to see why ”(dp) may be written as p¡2⁄(dp) where ⁄ is a flnite measure.
(This is, naturally, the equivalent of the integrability condition (3.5) in
this setup). However, this is easy to see: imagine that there are currently
n blocks. If p is very small, in fact small enough that only 1 block takes
part in the p-merger, then we may as well ignore this event since it has no
efiect on the process. In order to have a well-deflned process, thus su–ces
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that the rate at which at least two blocks merge is flnite (when there is a
flnite number of blocks), and thus this condition reads:

Z 1

0

µ
n

2

¶

p2”(dp) <1: (3.7)

Naturally, this is the same as asking that ”(dp) can be written as p¡2⁄(dp)
for some flnite measure ⁄. Thus

‚b;k =

Z 1

0

pk¡2(1¡ p)b¡k⁄(dp) (3.8)

for some flnite measure ⁄ on [0,1]. This is precisely the content of Theo-
rem 3.1.

I do not know whether this approach has ever been made rigorous
(or has ever been attempted). The problem, of course, is that the L¶evy-Itô
decomposition (3.6) is not known a priori for general monoids. This is a
pity, as I think this approach is more satisfying.

However, all this digression has not been in vain, as on the way we have
discovered the probabilistic structure of a general ⁄-coalescent. It also
gives us a nice construction of such processes in terms of a Poisson point
process. This construction is often referred to as the Poissonian construc-
tion. (As explained above in length, this should really be regarded as the
L¶evy-Itô decomposition of the L¶evy process (ƒt; t ‚ 0). We summarise it
below. The construction is easier when ⁄ has no mass at 0: ⁄(f0g) = 0:

Theorem 3.2. Let ⁄ be a measure on [0; 1] such that ⁄(f0g) = 0. Let
(pi; ti)i‚1 be the points of a Poisson point process on (0; 1] £ R+ with
intensity p¡2⁄(dp) › dt. The process (ƒt; t ‚ 0) may be constructed by
saying that, for each point (pi; ti) of the point process, we perform a pi-
merger at time ti.

Recall that a p-merger is simply deflned by saying that we merge a
proportion p of all blocks by independent coin-toss. This construction is
well-deflned because the restriction ƒn of ƒ to Pn is well-deflned for every
n ‚ 1, thanks to the remark that the total rate at which pairs coalesce is
flnite (3.7). As usual, since the restrictions ƒn are consistent, this uniquely
deflnes a process ƒ on P, which has the property that ƒj[n] = ƒn.

We stress that this structure theorem is often the key to proving re-
sults about ⁄-coalescents, so we advise the reader to make sure this sinks
through before proceeding further. At the risk of boring the reader, here
it is again in simple words: a coalescent process with multiple collisions is
entirely specifled by a flnite measure ⁄ on (0,1): p¡2⁄(dp) gives us the rate
at which a fraction p of all blocks coalesces (at least when ⁄(f0g) = 0).
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The case where ⁄ has an atom at 0, say ⁄(f0g) = ‰ for some ‰ > 0,
is not much difierent. It can be seen from (3.2) that this number comes
into play only if k = 2: that is, for binary mergers. It is easy to see what
happens: decomposing

⁄(dp) = ‰–0(dp) + ⁄̂(dp) (3.9)

where ⁄̂ has no mass at 0, the dynamics of (ƒt; t ‚ 0) can be described by
saying that, in addition to the Poisson point process of p-mergers governed
by p¡2⁄̂(dp), every pair of blocks merges at rate ‰. More formally:

Corollary 3.1. Let ⁄ be a measure on (0,1) and let ‰ := ⁄(f0g). Let
(pi; ti)i‚1 be the points of a Poisson point process on (0; 1] £ R+ with

intensity p¡2⁄̂(dp)› dt, where ⁄̂ is deflned by (3.9). The process (ƒt; t ‚
0) may be constructed by saying that, for each point (pi; ti) of the point
process, we perform a pi-merger at time ti, and, in addition, every pair of
blocks merges at rate ‰.

Thus, the presence of an atom at zero adds a \Kingman component" to
the ⁄̂-coalescent. We will see below that, indeed, when ⁄ is purely a Dirac
mass at 0, the corresponding ⁄-coalescent is Kingman’s coalescent (sped
up by an appropriate factor corresponding to the mass of this atom).

To conclude this section on Pitman’s structure theorems, we give the
following additional interpretation for the signiflcance of the measure ⁄.

Theorem 3.3. Let ⁄ be a flnite measure on [0; 1] with no mass at zero.
Let (ƒt; t ‚ 0) be a ⁄-coalescent. Let T be the flrst time that 1 and 2
are in the same block. Then T is an exponential random variable with
parameter ⁄([0; 1]). Moreover, if F is the fraction of blocks that take part
in the merger occurring at time T , then F is a random variable in (0; 1),
with law:

P(F 2 dx) = ⁄(dx)

⁄([0; 1])
: (3.10)

In other words, the flnite measure ⁄, normalised to be a probability
measure, gives us the law of the fraction of blocks that are coalescing,
when two given integers flrst become part of the same block.

Proof. The proof is obvious from Theorem 3.2. Until 1 and 2 coalesce,
their respective blocks are always B1 and B2 because of our convention to
label blocks by increasing order of their least elements. Given an atom of
size p, the probability that 1 and 2 coalesce is precisely p2. Thus, deflne
a thinning of the Poisson point process (t0i; p

0
i), where each mark (ti; pi) is

kept with probability p2i . By classical theory of Poisson point processes,
the resulting point process is also Poisson, but with intensity measure
⁄(dp) › dt. Thus the rate at which they coalesce is precisely ⁄([0; 1]),
and the flrst point of this process has a distribution which is proportional
to ⁄.
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3.1.4 Examples

It is high time to give a few examples of ⁄-coalescents. Naturally, the main
example of a ⁄-coalescent is that of Kingman’s coalescent:

Example 1. Let ⁄ be the unit Dirac mass at 0:

⁄(dx) = –0(dx):

In that case, (3.2) translates into ‚b;k = 0 except if k = 2, in which case
‚b;2 = 1: Thus the corresponding ⁄-coalescent is nothing but Kingman’s
coalescent (every pair of blocks is merging at rate 1).

Example 2. Another measure which will play an important role towards
the end of these notes will be the case where ⁄(dx) = dx is the uniform
measure on (0; 1). In this case the ⁄-coalescent is known as the Bolthausen-
Sznitman coalescent , and the transition rates ‚b;k can be computed more
explicitly as

‚b;k =
(k ¡ 2)!(b¡ k)!

(b¡ 1)!
=

•

(b¡ 1)

µ
b¡ 2

k ¡ 2

¶‚¡1
; 2 • k • b: (3.11)

The Bolthausen-Sznitman coalescent flrst arose in connection with the
physics of spin glass, an area about which we will say a few words at the
end of these notes. But this is not the only area for which this process
is relevant: for instance, we will see that it describes the statistics of
a certain combinatorial model of random trees and is thought to be a
universal scaling limit in a wide variety of models which can be described
by \random travelling waves": all those topics will be (brie°y) discussed
in that last chapter.

Example 3. Let 0 < fi < 2. Assume that ⁄(dx) is the Beta(2 ¡ fi; fi)
distribution:

⁄(dx) =
1

¡(2¡ fi)¡(fi)x
1¡fi(1¡ x)fi¡1dx: (3.12)

The resulting coalescent is simply called the Beta-coalescent with parame-
ter fi. It is an especially important family of coalescent processes, for both
theoretical and practical reasons: on the one hand we will see that they
are related to the genealogy of populations with large variation in the ofi-
spring distribution, and on the other hand, they are intimately connected
with the properties of an object known as the stable Continuum Random
Tree. This correspondence and its consequences will be discussed in the
next chapter.

Example 4. A peculiar coalescent arises if ⁄ is simply taken to be a
Dirac mass at p = 1. In that case, nothing happens for an exponential
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amount of time with mean 1, at which point all blocks coalesce into 1. The
corresponding coalescent tree is then star-shaped : there is one root and
an inflnite amount of leaves connected to it. For this reason some authors
call this process the star-shaped coalescent

Let 0 < fi < 2, and consider the Beta-coalescent (ƒt; t ‚ 0) deflned by
(3.12) in Example 3. Note that when fi = 1, this is just the Bolthausen-
Sznitman coalescent, while when fi ! 2¡, the Beta distribution is an
approximation of the Dirac mass, and hence if „fi denotes the distribution
(3.12), we have:

„fi ) –0; (fi! 2):

where ) is the vague convergence (convergence in distribution). Thus
one should think of a Beta-coalescent with 1 < fi < 2 as some kind of
interpolation between Kingman’s coalescent and the Bolthausen-Sznitman
coalescent. In fact, we have:

Theorem 3.4. Let (ƒ
(fi)
t ; t ‚ 0) denote a Beta-coalescent with 1 < fi < 2.

Then as fi! 2 from below, we have:

(ƒ
(fi)
t ; t ‚ 0) ¡!d (ƒt; t ‚ 0);

where ƒ is Kingman’s coalescent, and ¡!d stands for convergence in dis-
tribution in the Skorokhod space D(R+;P).

An illustration of this result is given in Figure 3.1, which was generated
by Emilia Huerta-Sanchez, whom I thank very much for allowing me to
use this picture.

3.1.5 Coming down from inflnity

Fix a flnite measure ⁄ on [0; 1], and consider a ⁄-coalescent (ƒt; t ‚ 0).
One of the flrst things we saw for Kingman’s coalescent is that it comes
down from inflnity, meaning that almost surely after any positive amount
of time, the total number of blocks has been reduced to a flnite number
(Theorem 2.1). Given that in Kingman’s coalescent only binary mergers
are possible, and that here we may have many more more blocks merging
at once, one may naively think that this should be also true for every
⁄-coalescent. In fact, such is not the case, and whether or not a given
⁄-coalescent comes down from inflnity depends on the measure ⁄. This
is part of a more general paradox, which we will describe in more details
later, that Kingman’s coalescent is actually the one in which coalescence
is strongest (see Corollary 4.2).

It is easy to see that there exists some ⁄-coalescents which do not come
down from inflnity. Indeed, for some measures ⁄, ƒt has a positive fraction
of dust for every t > 0 almost surely (and hence an inflnite number of
blocks):
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Figure 3.1: The Beta-coalescent for two difierent values of the parameter
fi: top, fi = 1:2; bottom fi = 1:9. Courtesy of Emilia Huerta-Sanchez.
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Theorem 3.5. Let D be the event that for every t > 0, ƒt has some
singletons. Then P(D) = 1 if and only if

Z 1

0

x¡1⁄(dx) <1: (3.13)

In the opposite case, P(D) = 0.

Proof. (sketch) If this integral is flnite, then the rate at which a given
block takes part in a merger is flnite, and so after any given amount of
time, there remains a positive fraction of singletons that have never taken
part in a merger. The converse uses a zero-one law for ƒ along the lines
of Blumenthal’s zero-one law (details in [131]).

For instance, if fi < 1, then the Beta-coalescent has a positive frac-
tion of singletons at all times, while this fails if fi ‚ 1. In particular, the
Bolthausen-Sznitman coalescent does not have any dust. We will see below
that the Bolthausen-Sznitman coalescent (which, we remind the reader,
corresponds to the case fi = 1 of the Beta-coalescent) is a two-sided bor-
derline case, in the sense that it does not come down from inflnity but
has no dust. However if fi is larger than 1, then the corresponding coales-
cent comes down from inflnity (Corollary 3.2), and if it is smaller then the
coalescent has dust with probability 1.

What are the conditions on ⁄ to ensure coming down from inflnity? The
flrst thing that is needed is to say that, if the number of blocks becomes
flnite, this can only happen instantly near time zero, except in the case of
the star-shaped coalescent.

Theorem 3.6. Assume that ⁄(f1g) = 0. Let E be the event that for every
t > 0, ƒt has only flnitely many blocks. Let F be the event that ƒt has
inflnitely many blocks for all t > 0. Then

P(E) = 1 or P(F ) = 1:

If P(E) = 1 we say that the coalescent comes down from inflnity, and if
P(F ) = 1 we say that the process stays inflnite.

Clearly, the assumption ⁄(f1g) = 0 is essential, or otherwise we get
a coalescence of all blocks in flnite positive time. This possibility being
taken away, the argument is a (fairly simple) application of the zero-one
law mentioned above together with the consistency property. See [131] for
details.

[131] left open the question of flnding a practical criterion for deciding
whether a given ⁄-coalescent comes down from inflnity. The flrst answer
came from the PhD thesis of Jason Schweinsberg, who proved a necessary



70 Chapter 3. ⁄-coalescents

and su–cient condition for this. We describe his result now. Given a flnite
measure ⁄, let ‚b;k denote the rate (3.2) and let

‚b =
bX

k=2

µ
b

k

¶

‚b;k: (3.14)

Note that ‚b is the total coalescence rate when there are b blocks. It turns
out that the relevant quantity is the number

°b =
bX

k=2

(k ¡ 1)

µ
b

k

¶

‚b;k: (3.15)

To explain the relevance of this quantity, note that if there are currently
Nt = b blocks, then after dt units of time

E(Nt+dtjNt = b) = b¡ °bdt (3.16)

since if a k-tuple of blocks merges, then this corresponds to a decrease of
Nt by (k ¡ 1). Deflne a function ° : R+ ! R by putting °(b) := °bbc
for all b 2 R+. Following the difierential equation heuristics (2.2) already
used for Kingman’s coalescent, we see that if u(t) = E(Nt), from (3.16) we
expect u(t) to approximately solve the difierential equation:

(

u0(t) = ¡°(u(t));
u(0) =1: (3.17)

Forgetting about problems such as discontinuities of ° and rigour in gen-
eral, we get by solving formally the difierential equation (3.17):

Z t

0

u0(s)

°(u(s))
ds = ¡t (3.18)

so that making the change of variable x = u(s),

Z 1

u(t)

dx

°(x)
= t: (3.19)

We see hence that u(t) is flnite if and only if
R1 dx

°(x) <1. Remembering

that °(x) = °bxc leads us to Schweinsberg’s criterion [142]:

Theorem 3.7. Let ⁄ be a flnite measure on [0; 1]. The associated ⁄-
coalescent comes down from inflnity if and only if

1X

b=2

°¡1b <1: (3.20)
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Proof. (sketch) We will sketch the important steps that lead to Theorem
3.7. The flrst one is to deflne Tn which is the time it takes to coalesce all
n flrst integers. Then we have naturally, 0 = T1 • T2 • : : : • Tn, and
note that the coalescent comes down from inflnity if and only if T1 :=
limn!1 Tn <1 almost surely.

Assume that (3.20) holds. Fix n ‚ 1 and consider the restriction ƒn

of ƒ to [n]. Let R0 = 0, and deflne Ri to be sequence of times at which
ƒn loses at least one block, and if there is only one block left then deflne
Ri = Ri¡1. Thus Rn¡1 = Tn as after n ¡ 1 coalescences we are sure
to be done. Thus if Li = Ri ¡ Ri¡1 we have E(Tn) =

Pn¡1
i=1 E(Li): Now,

conditioning uponNi¡1 := NTi¡1
the number of blocks at time Ti¡1, we see

that Li is exponentially distributed with rate ‚Ni¡1
so long as Ni¡1 > 1.

Thus

E(Tn) =

n¡1X

i=1

E(‚N¡1
i¡1
1fNi¡1>1g): (3.21)

Observe that, if Ji = Ni¡1 ¡Ni is the decrease of N at this collision, we
have

P(Ji = k ¡ 1jNi¡1 = b) =

µ
b

k

¶
‚b;k
‚b

and thus E(JijNi¡1 = b) = °b=‚b. Plugging this into (3.21) yields:

E(Tn) =
n¡1X

i=1

E(°¡1Ni¡1
E(JijNi¡1))

since when Ni¡1 = 1; Ji = 0 anyway. It follows that

E(Tn) = E(
n¡1X

i=1

°¡1Ni¡1
Ji): (3.22)

Looking at the random variable in the expectation of the right-hand side in
(3.22), X =

Pn
i=1 °

¡1
Ni¡1

Ji, we see that, intuitively speaking this random

variable is very close to
Pn
b=2 °

¡1
b , as °¡1Ni¡1

will be repeated exactly Ji
times. Thus if Ji isn’t too big and if °b doesn’t have too wild a behaviour,
it is easy to understand how this yields the desired result. For instance,
we get an easy upper-bound by monotonicity: some simple convexity ar-
guments show that °b is nondecreasing with b, and hence

X = °¡1Ni¡1
Ji •

NiX

j=Ni¡1

°¡1j

Thus under the assumption (3.20), we get by the monotone convergence
theorem E(T1) <1 and thus the coalescent comes down from inflnity.
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The other direction is a little more delicate, and the main thing to be
proved is that if the coalescent comes down from inflnity, i.e., if T1 <1,
then in fact this random variable must have flnite expectation. Granted
that, a dyadic argument applied to (3.22) does the trick. Thus we content
ourselves with verifying:

Lemma 3.1. The coalescent comes down form inflnity if and only if
E(T1) <1.

Proof. Let Am be the event that Tm > Tm¡1, that is, at time Tm¡1, ƒm

still has two blocks. Then the expected time it takes for these two blocks
to coalesce is just ‚¡12;2 =: ‰. Thus

E(T1) =
1X

m=2

E(Tm ¡ Tm¡1) = ‰
1X

m=2

P(Am):

Hence, assuming E(T1) =1, we get
P1
m=2 P(Am) =1. An application

of the martingale version of the Borel-Cantelli lemma then shows that Am
occurs inflnitely often almost surely. When this is so, T1 is greater than
an inflnite number of i.i.d. nonzero exponential random variables, and
hence T1 =1 almost surely. This flnishes the proof of Lemma 3.1.

The reader is referred to the original paper [142] for more details about
the rest of the proof.

As an application of this criterion, it is easy to conclude:

Corollary 3.2. Let 0 < fi < 2. The Beta-coalescent with parameter
fi comes down from inflnity if and only if fi > 1. In particular, the
Bolthausen-Sznitman coalescent does not come down from inflnity.

We will see later that another (equivalent) criterion for coming down
from inflnity is that

Z 1

1

dq

ˆ(q)
<1

where ˆ(q) =
R 1

0
(e¡qx ¡ 1 + qx)x¡2⁄(dx) is the Laplace exponent of a

certain L¶evy process. As we will see, this criterion is related to criti-
cal properties of continuous-state branching processes. There is in fact
a strong connection between ⁄-coalescents and these branching processes;
this connection will be explored in the next section, and hence this will give
a difierent proof of Theorem 3.7. Along the way, we will be able to make
rigorous the limit theorem which is suggested by the heuristic approach
outlined before this theorem: that is, for small times t > 0:

Nt … u(t); where
Z 1

u(t)

db

°(b)
= t: (3.23)
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3.2 A Hitchhiker’s guide to the genealogy

This section is devoted to the study of a few simple models where the
genealogy is well-approximated by ⁄-coalescents. There are a number of
models where such convergence is discussed. For instance, Sagitov [139]
gave a simple model which is closely related in spirit to the flrst one we
will be studying. (Remarkably, that paper was published simultaneously
to that of Pitman [131] and, although independent, it also contained a
deflnition of ⁄-coalescents, so that both Pitman and Sagitov share the
credit for the discovery of this process). We have chosen to discuss two
main models. These are:

1. a Galton-Watson model due to Schweinsberg [144] where the ofi-
spring distribution is allowed to have heavy tails,

2. A model with selection and recombination (also known as hitchhik-
ing), studied by Durrett and Schweinsberg [68].

We also note that recently, Eldon and Wakeley [70] came up with a
model which illustrates further the impact of ofispring variability and gives
rise to ⁄-coalescents for the genealogies. Some biological and statistical
implications of these flndings are discussed in [70] and [71].

3.2.1 A Galton-Watson model

We now describe the population model that we will work with in this sec-
tion. This is a model derived from the well-known Galton-Watson branch-
ing process, but, unlike these processes, the population size is kept con-
stant by a sampling mechanism: we assume that the ofispring distribution
of an individual has mean 1 < „ < 1, so that by the law of large num-
bers, if there are N individuals in the population at some time t, then the
next generation consists of approximately N„ > N individuals. Instead
of keeping all those N„ individuals alive, we declare that only N of them
survive, and they are chosen at random among the N„ individuals of that
generation. Thus the population size is constant equal to N . Formally,
the model is deflned generation by generation, in terms of i.i.d. ofisprings
X1; : : : ; XN (where the distribution of X allows for heavy tails and is spec-
ifled later), and from random variables (”i)

N
i=1 which are exchangeable and

have the property that
PN
i=1 ”i = N . The variable ”i corresponds to the

actual ofispring number of individual i after the selection step. Note that
this population model may be extended to a bi-inflnite set of times Z by
using i.i.d. copies f(”i(t))Ni=1; t 2 Zg: thus this model belongs to the class
of Cannings populations models discussed in Theorem 2.5.

Having deflned this population dynamics, we consider as usual the co-
alescing process obtained by sampling n < N individuals from the pop-
ulation at time 0, and considering their ancestral lineages: that is, let
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(ƒn;Nt ; t = 0; 1; : : :) be the Pn-valued process deflned by putting i » j if
and only if individuals i and j share the same ancestor at generation ¡t.
This is the by-now familiar ancestral partition. We now specify the kind
of ofispring distribution we have in mind for the Galton-Watson process,
which allows for heavy-tails. We assume that there exists fi ‚ 1 and C > 0
such that for all x ‚ 0:

P(X > x) » Cx¡fi: (3.24)

One can also think of the case

P(X = x) » C 0x¡fi¡1; (3.25)

although (3.24) is a slightly weaker assumption and so we prefer to work
with it. When fi > 1, „ := E(X) <1 and we further assume that E(X) >
1, so that the underlying Galton-Watson mechanism is sueprcritical. Recall
that in Cannings models, the correct time scale is given by the inverse
coalescence probability c¡1N , where:

cN = E

µ
”1(”1 ¡ 1)

N ¡ 1

¶

: (3.26)

As was already discussed, cN is the probability that two randomly sampled
without replacement at random from generation 0 have the same parent
at generation ¡1, and thus it is the probability of coalescence of any two
lineages. Schweinsberg’s result states that there is a phase transition at
fi = 2 for the behaviour of the genealogies.

Theorem 3.8. Assume (3.24) and „ > 1. For any n ‚ 1, as N !1:

1. If fi ‚ 2, the genealogy converges to Kingman’s coalescent.

2. If 1 • fi < 2, the genealogy converges a Beta-coalescent with param-
eter fi.

As usual, the formal statement which is contained in the informal word-
ing of the theorem is that, in the case fi ‚ 2, (ƒn;Nt=cN ; t ‚ 0), converges to

Kingman’s n-coalescent for every n ‚ 1, while it converges to the restric-
tion of a Beta-coalescent to [n] if fi 2 [1; 2).

Remark 3.1. Note that fi = 2 is precisely the critical value which de-
limitates the convergence of the rescaled random walks (Sn :=

Pn
i=1Xi)

towards a Brownian motion or a L¶evy process with jumps. As we will see
in the next chapter and in the appendix, this is not a coincidence: Galton-
Watson trees can be described in terms of processes known as height func-
tions, or contour processes, which are close relative of random walks with
step distribution X. If this step distribution is in the domain of attraction
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of a normal random variable, we thus expect a tree which is close to the
Brownian continuous random tree, for which the genealogy is closely re-
lated to Kingman’s coalescent, as is proved in [16] and will be shown later
in these notes. On the contrary, if the step distribution is in the domain
of a stable random variable with index 1 < fi < 2, then the limiting tree
is called the stable continuum random tree and its genealogy is known to
be given by Beta-coalescents ([20]), as will be discussed in more details
later on.

Remark 3.2. When fi < 1, the coalescent obtained from the ancestral
partitions converges to a coalescent with simultaneous multiple collisions.
As we do not enter in the detail of these processes in these notes, we only
refer the reader to part (d) of Theorem 4 in [144].

Proof. We will go over a few of the important steps of the proof of Theorem
3.8, leaving as usual the more di–cult details for the interested reader to
flnd out in the original paper [144].
Case 1. Let fi ‚ 2. The main idea is to use Mõhle’s lemma (Theorem

2.5). Thus it su–ces to check that (2.10) holds. Recall that this condition
states that

E(”1(”1 ¡ 1)(”1 ¡ 2))

N2cN
! 0

as N !1. It is easy to see that this can be rephrased as:

N

cN
E

µ
X1(X1 ¡ 1)(X1 ¡ 2)

S3N
1fSN‚Ng

¶

¡!
N!1

0; (3.27)

where X1 is the ofispring number of individual 1 before selection, and
SN = X1 + : : : + XN . Now, it is easy to see, when fi > 2, that cN =
E(X1(X1¡ 1)=S2N ) » c=N for some c > 0. Thus (3.27) reduces to showing
that

N2E

µ
X1(X1 ¡ 1)(X1 ¡ 2)

S3N
1fSN‚Ng

¶

¡! 0:

However,

X1(X1 ¡ 1)(X1 ¡ 2)

S3N
1fSN‚Ng •

X31
max(X31 ; N

3)

and thus

E

µ
X1(X1¡1)(X1¡2)

S3N
1fSN‚Ng

¶

•
NX

k=0

k3

N3
P(X=k) + P(X > N)

Multiplying by N2 and using (3.24) it is easy to see that this converges to
0, and hence the condition in Mõhle’s lemma (2.10) is verifled.
Case 2. Assume that 1 < fi < 2. There are two steps to verify. The

flrst one is to compute the asymptotics of cN , the scale parameter.




